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Effective field theories describing gravity coupled to matter are investigated, allowing for operators
of arbitrary mass dimension. Terms violating local Lorentz and diffeomorphism invariance while
preserving internal gauge symmetries are included. The theoretical framework for violations of local
Lorentz and diffeomorphism invariance and associated conceptual issues are discussed, including
transformations in curved and approximately flat spacetimes, the treatment of various types of
backgrounds, the implications of symmetry breaking, and the no-go constraints for explicit violation
in Riemann geometry. Techniques are presented for the construction of effective operators, and the
possible terms in the gravity, gauge, fermion, and scalar sectors are classified and enumerated.
Explicit expressions are obtained for terms containing operators of mass dimension six or less in the
effective action for General Relativity coupled to the Standard Model of particle physics. Special
cases considered include Einstein-Maxwell effective field theories and the limit with only scalar
coupling constants.
I. INTRODUCTION
The theory of General Relativity (GR) coupled to the
Standard Model (SM) of particle physics provides an im-
pressive description of many features of the Universe over
a wide range of distance scales. Obtaining a fully satis-
factory combination of gravity with quantum physics re-
mains an open challenge, however, and a deeper under-
lying unified theory is expected to emerge at the Planck
scale. This theory could be founded on Riemann geome-
try or one of its extensions, on a non-Riemann geometry,
or on nongeometric mathematics. In any scenario, ob-
servable effects from the Planck scale at low energies can
be expected to include small deviations from the known
physics described by GR coupled to the SM, and their
detection would offer guidance in the construction of the
underlying theory. It is thus of central interest to ask how
key properties of the underlying theory could in princi-
ple manifest themselves in experiments and observations
performed using current and near-future technology.
A powerful tool for investigating prospective signals
from the Planck scale in a model-independent way is
provided by effective field theory [1]. Tiny remnant cou-
plings from the underlying theory can be expected to
emerge at the level of effective field theory as terms cor-
recting the action of GR coupled to the SM, with the size
of the physical effects governed by small coefficients re-
flecting features of the underlying theory. An individual
term in the effective Lagrange density is the product of
an operator constructed from fields observed in nature
with a controlling coupling coefficient. In typical appli-
cations of effective field theory, the coupling coefficients
are assumed to be constant scalars and are called cou-
pling constants. However, the solutions of the underly-
ing theory describing our Universe may include nontrivial
backgrounds, which would then be reflected at the level
of the effective field theory as coupling coefficients that
could vary with spacetime position and that could be
tensorial rather than scalar. Tensorial couplings could
arise directly from features of the underlying theory, but
even if the underlying theory generates only a noncon-
stant scalar background then the ensuing effective field
theory can contain vector and tensor coupling coefficients
determined by the derivatives of the scalar.
For the above reasons, a comprehensive investigation
of the effective description of the underlying theory re-
quires the inclusion of nonconstant tensor backgrounds
as couplings in the effective field theory. Backgrounds of
this type have anomalous symmetry properties under the
spacetime transformations of GR and the SM. In partic-
ular, their existence implies that the effective field theory
can contain apparent violations of local Lorentz invari-
ance and of diffeomorphism symmetry. It is therefore
of interest to construct the general effective field theory
describing gravity coupled to matter while allowing for
terms violating these symmetries.
The framework for the general effective field theory
based on GR coupled to the SM is presented in Ref. [2].
This framework allows for violations of local Lorentz and
diffeomorphism invariances. Terms in the correspond-
ing effective field theory can be organized according to
their mass dimension d in natural units, with terms of
larger d expected to have smaller effects at low ener-
gies. All terms with d ≤ 4, called minimal terms, are
presented in Ref. [2], and they have been the subject
of numerous investigations [3, 4]. In the pure-gravity
sector, phenomenological studies [5–21] and experiments
[22–34] have constrained most minimal terms to impres-
sive sensitivities. The minimal matter-gravity sector has
also been widely explored both phenomenologically [35–
42] and experimentally [43–49], with the focus to date
being primarily on spin-independent effects. A subset of
terms in the pure-gravity sector with operators of larger
mass dimensions d ≥ 5 has been constructed and some
experimental constraints obtained [50–73].
One goal of this work is to extend the analysis of terms
in the effective field theory to include nonminimal terms
involving both gravity and matter as well as nonminimal
terms in the pure-gravity sector. We present a systematic
methodology for constructing all these terms, and we ob-
2tain explicit results for d ≤ 6 for a generic theory, for GR
coupled to the SM, and for its limits including Einstein-
Maxwell theories and the restriction to scalar coupling
constants. To achieve this, we develop further the frame-
work presented in Ref. [2], combining it with techniques
recently developed for the construction of terms of arbi-
trary d in nonabelian effective field theories in Minkowski
spacetime [74]. We discuss the relevant spacetime trans-
formations, establishing the properties of various types
of backgrounds and their symmetry violations, and we
characterize the relationships between different types of
effective terms and their linearizations to approximately
flat spacetimes. The analysis in Ref. [2] revealed unex-
pected constraints on the form of the effective field the-
ory, arising from compatibility requirements between the
variational procedure and the Bianchi identities, which
have recently been the subject of extensive study [75–
78]. Here, we revisit these no-go constraints to clarify
their impact in the context of perturbative corrections to
known physics, showing that they can determine whether
the underlying theory is based on Riemann geometry or
instead emerges from an alternative geometry or nonge-
ometric mathematics.
The outline of this work is as follows. In Sec. II, we
study the framework for the gravitational effective field
theory. Essential definitions and conventions are pre-
sented in Sec. II A, while Sec. II B discusses key con-
cepts about spacetime transformations in both curved
and approximately flat spacetimes. The treatment of
backgrounds is initiated in Sec. II C, and the implications
for violations of symmetries in curved spacetimes are de-
scribed in Sec. II D. The relationships between broken
symmetries in curved and flat spacetimes are elucidated
in Sec. II E. Our discussion of the framework concludes
with a treatment of the no-go constraints in Sec. II F.
The methodology for the construction of terms in an
effective Lagrange density built within this framework
is presented in Sec. III, along with a compact notation
for various types of backgrounds. The procedure to ob-
tain gauge-covariant spacetime operators and related re-
sults is described in Sec. III A. Using these results, in
Sec. III B we enumerate and classify operators involv-
ing pure-gravity fields and backgrounds. We turn at-
tention to matter fields in Sec. III C, which presents the
explicit form of operators with d ≤ 6 for gauge fields,
Dirac fermions, and scalars. The application of all these
results to realistic effective field theories is considered in
Sec. IV. Terms with d ≤ 6 in the Lagrange density for
various Einstein-Maxwell theories are tabulated in Sec.
IVA. Section IVB enumerates the explicit form of terms
in effective field theories based on GR coupled to the SM.
The limit with backgrounds acting only as scalar coupling
constants is discussed in Sec. IVC. We conclude with a
summary in Sec. V.
Throughout this work, we adopt the conventions of
Ref. [2]. We assume vanishing torsion and nonmetricity
except where otherwise indicated, so the definitions and
results in Appendix A of Ref. [2] apply with the torsion
and contortion set to zero. In particular, Greek indices
are used for tensorial components on the spacetime man-
ifold, and Latin ones for ones on the tangent space. The
Minkowski metric ηab has positive signature +2, and the
Levi-Civita tensor ǫabcd is fixed by ǫ0123 = +1. The Dirac
matrices satisfy {γa, γb} = −2ηab, with σab defined as
σab = i[γa, γb]/2.
II. FRAMEWORK
In this section, we describe the concepts and frame-
work appropriate for the construction of the general ef-
fective field theory based on GR coupled to the SM. Indi-
vidual subsections treat the basic setup, spacetime trans-
formations, backgrounds, symmetry violations, lineariza-
tion, and the no-go constraints.
A. Metric, vierbein, and covariant derivative
The geometric underpinning for GR coupled to the SM
is a four-dimensional smooth manifold called spacetime
that contains a dynamical four-dimensional metric gµν .
While the underlying unified theory may be nongeomet-
ric, its low-energy approximation must reduce to known
physics. The corresponding effective field theory extend-
ing GR coupled to the SM can therefore reasonably be
taken as based on a manifold with a metric.
The SM incorporates fermions as spinor fields, which
are conveniently described using the vierbein formalism
[79]. In this approach, spinor fields at each spacetime
point and related objects including the Dirac gamma ma-
trices are all defined in a coordinate frame in the tan-
gent space, called a local frame. In contrast, a coordi-
nate frame on the manifold is called a spacetime frame.
The vierbein e aµ (x) connects local frames with spacetime
frames.
Since tangent spaces are flat, the vierbein is related to
the metric by
gµν = e
a
µ e
b
ν ηab. (1)
For simplicity, we assume the connection is both metric
and torsion free, so the metric gµν , the spacetime connec-
tion Γλµν , and the spin connection ω
ab
µ are all fixed by
the vierbein e aµ . The vierbein can therefore be taken as
the sole field describing the gravitational dynamics. We
adopt a covariant derivative satisfying
Dµe
a
ν ≡ ∂µe aν − Γλµνe aλ + ω aµ be bν = 0, (2)
which then also implies Dλgµν = 0. Note, however, that
the theoretical framework used in this work can readily
be extended to include nonzero nonmetricity and torsion
[2]. In particular, key implications such as the no-go con-
straints also hold when the requirements of zero torsion
and nonmetricity are relaxed.
3The SM incorporates bosons in gauge field theory. The
corresponding covariant derivative in curved spacetime
then incorporates a gauge connection Aµ along with the
spacetime connection Γλµν and the spin connection ω
ab
µ .
The gauge connection is the connection for the internal
gauge degrees of freedom and acts on objects with gauge
indices, the spacetime connection is the connection on
the spacetime manifold and acts on spacetime indices,
and the spin connection is the connection in local frames
and acts on local indices.
Following standard convention, the explicit use of
gauge and spinor indices is avoided in this work. For ex-
ample, the action of the covariant derivative on a fermion
field ψ with suppressed spinor and gauge indices can be
written in this convention as
Dµψ = ∂µψ +
1
4 iω
ab
µ σabψ − igAµψ, (3)
where g is the gauge coupling constant. As another ex-
ample, the gauge field strength Fµν contains both space-
time and gauge indices, and its covariant derivative can
be written as
DλFµν = ∂λFµν −ΓρλµFρν−ΓρλνFµρ− ig[Aλ, Fµν ]. (4)
Note that the 16 Dirac gamma matrices ΓA ∈
{I, iγ5, γa, γ5γa, σab/2} forming a complete basis for
spinor matrices typically appear in fermion bilinears con-
taining local-frame indices. We define DµΓ
A by imposing
the product rule
Dµ(ψΓ
Aψ) = (Dµψ)Γ
Aψ + ψ(DµΓ
A)ψ + ψΓA(Dµψ),
(5)
which can be shown to imply that DµΓ
A = ∂µΓ
A = 0.
B. Spacetime transformations
Spacetime transformations play a key role in GR [80]
and hence also in the construction of the general effec-
tive field theory based on GR coupled to the SM. In this
subsection, we discuss some essential concepts for trans-
formations in curved spacetime and in approximately flat
spacetime, focusing on requisite aspects for the present
work.
1. Particle versus observer
It is convenient and useful to distinguish two notions
of transformations, called particle and observer trans-
formations [2, 81]. Particle transformations change dy-
namical particles and fields, while observer transforma-
tions change the observer frame. In the absence of back-
grounds, the component forms of the two transformations
are inverses of each other and in that context are some-
times called active and passive. However, this equiva-
lence fails in the presence of backgrounds. A particle
transformation affects dynamical particles and fields but
leaves any backgrounds invariant, which can modify the
physics associated with couplings between the dynamical
variables and the background. In contrast, an observer
transformation amounts to a coordinate transformation,
which changes the components of fields and backgrounds
but is assumed to leave invariant the physics. A physical
symmetry associated with a given particle transformation
can therefore be violated in the presence of backgrounds,
even though the physics remains invariant under the cor-
responding observer transformation.
Mathematically, particle transformations involve map-
pings of the spacetime manifold and its tangent and
cotangent bundles, whereas observer transformations are
implemented on the atlas of the manifold. Since physics
is independent of the coordinate frames used for the atlas
but can depend on the manifold mappings, discussions
of symmetry violations are best conducted in the lan-
guage of particle transformations without invoking frame
changes. For this reason, we focus here primarily on par-
ticle transformations, often omitting the word particle
for simplicity. Unless indicated otherwise, every trans-
formation in this work should be understood as a particle
transformation.
Note that distinguishing between the two types of
transformations can be subtle in practice. For instance,
special relativity is typically introduced in textbooks
from the perspective of observer Lorentz transforma-
tions. This approach works well for Lorentz-invariant
theories, where the component forms of particle and ob-
server Lorentz transformations are essentially equivalent.
However, analyzing generic violations of Lorentz invari-
ance in the context of observer Lorentz transformations
is challenging at best. Physical Lorentz-violating effects
are features of experimental configurations of particles
and fields rather than features of the observer, so the
general treatment of Lorentz violation cannot readily be
described using modified observer transformations [82].
2. Transformations in curved spacetime
In Minkowski spacetime, the central spacetime trans-
formations are global transformations that include spa-
tial rotations, Lorentz boosts, and translations. The ro-
tations and Lorentz boosts form the group of Lorentz
transformations, which is enlarged by translations to the
Poincare´ group. All these Minkowski-spacetime transfor-
mations are isometries of the Minkowski metric ηµν , and
they move spacetime points. For example, a global ro-
tation about a point P in the spacetime maps all points
other than P into different points.
In contrast, the metric gµν in a generic curved space-
time typically has no isometries, and so the usual notions
of global Lorentz transformations and translations play
no particular role. Instead, it is useful to study local
Lorentz transformations and diffeomorphisms.
Local Lorentz transformations are Lorentz transforma-
tions in the tangent space at each spacetime point, leav-
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transformation, the vierbein and metric transform as
e aµ (x)→ Λab(x)e bµ (x), gµν(x)→ gµν(x), (6)
where Λab(x) are the components of the matrix Λ(x) for
the local Lorentz transformation at the point x. Other
dynamical boson fields transform similarly, with space-
time indices unchanged and local indices acted on by the
components of Λ(x). Fermion fields are transformed by
the corresponding matrices S(Λ(x)) in the appropriate
spinor representation of the local Lorentz group.
Note that local Lorentz transformations at differ-
ent spacetime points are typically different. However,
an associated global transformation can be defined in
any curved spacetime by requiring that the same local
Lorentz transformation is performed simultaneously at
every spacetime point. This can be termed a global
local Lorentz transformation, and it is the analogue of
a global gauge transformation constructed from a local
gauge transformation in a gauge field theory. Global lo-
cal Lorentz transformations leave spacetime points fixed,
so they cannot be the analogues of global Lorentz trans-
formations in Minkowski spacetime. Instead, the ana-
logues can be taken to be certain types of Lorentz trans-
formations defined in approximately flat spacetimes, as
described in Sec. II B 3 below.
Diffeomorphisms in a curved spacetime capture the
idea of moving spacetime points. Under a diffeomor-
phism, a spacetime point at position x is mapped to an-
other point at x′ according to
xµ → x′µ = xµ + ξµ(x), (7)
where ξµ(x) is smooth and the mapping is assumed in-
vertible. Here, x′µ denotes the components of the new
position in the original coordinates, which remain un-
changed by the transformation. Dynamical fields on the
manifold transform according to the pushforward or pull-
back induced by the diffeomorphism. For example, the
vierbein and metric transform as
e aµ (x)→ e′µa(x′) =
∂xρ
∂x′µ
e aρ (x),
gµν(x)→ g′µν(x′) =
∂xρ
∂x′µ
∂xσ
∂x′ν
gρσ(x), (8)
where e′µ
a(x′) and g′µν(x
′) are the new vierbein and met-
ric at the point x′ after the diffeomorphism. In contrast,
dynamical fields valued in local frames, including spinor
fields, transform like scalar fields under a diffeomorphism.
Although the expressions (8) appear similar to those
for a general coordinate transformation, the physical in-
terpretation is different. Only the coordinates change
under general coordinate transformations, leaving phys-
ical particles and fields invariant. General coordinate
transformations can thus be identified as observer dif-
feomorphisms. In contrast, the particle diffeomorphisms
of interest here change physical particles and fields while
leaving the coordinate system unchanged.
Fields can be valued at any position on the manifold.
When valued at the same position, dynamical fields un-
dergoing a diffeomorphism (7) with infinitesimal ξµ(x)
change by the corresponding Lie derivative. For exam-
ple, under an infinitesimal diffeomorphism the vierbein
and metric transform as
e′µ
a(x) = e aµ (x)− Lξe aµ (x)
= e aµ − e aρ ∂µξρ − ξλ∂λe aµ ,
g′µν(x) = gµν(x)− Lξgµν(x)
= gµν − gρν∂µξρ − gµσ∂νξσ − ξλ∂λgµν . (9)
These results can be derived directly from Eqs. (7) and
(8). Equations where dynamical fields are valued at the
same position are often used in calculations involving dif-
feomorphisms, and they are distinct from ones like Eq.
(8) in which the fields are valued at different positions.
3. Transformations in approximately flat spacetime
As discussed above, a local Lorentz transformation in a
curved spacetime leaves spacetime points fixed while act-
ing on local frames, and a diffeomorphism moves space-
time points while leaving local frames unchanged. Next,
we show that suitable combinations of local Lorentz
transformations and diffeomorphisms in approximately
flat spacetimes can mimic the roles of global Lorentz
transformations and translations in Minkowski space-
time.
Most experiments are performed in weak gravitational
fields such as those found in the solar system. The cor-
responding spacetimes are therefore approximately flat.
The vierbein and metric can then be decomposed as
eµa(x) = ηµa + ǫµa(x) ≈ ηµa + 12hµa(x) + χµa(x),
gµν(x) = ηµν + hµν(x), (10)
where ǫµa ≪ 1, hµν ≪ 1, and χµa ≪ 1 with hµν symmet-
ric and χµa antisymmetric. Under the diffeomorphism
(7), the vierbein and metric transform according to Eq.
(8). We can assign the resulting changes in the vier-
bein and metric to the fluctuations hµν(x) and χµa(x),
with the Minkowski metric defined as invariant. For in-
finitesimal diffeomorphisms and at lowest order in the
fluctuations, we then find
hµν(x)→ h′µν(x′) = hµν(x)− ηρν∂µξρ(x)− ηµσ∂νξσ(x),
χµa(x)→ χ′µa(x′) = χµa(x)− 12ηρa∂µξρ(x)
+ 12η
ρ
aηµσ∂ρξ
σ(x). (11)
These transformations are called linearized diffeomor-
phisms in approximately Minkowski spacetime.
Since the spacetime is assumed to be approximately
flat, one might anticipate the existence of notions sim-
ilar to the global Lorentz transformations and transla-
tions in Minkowski spacetime. Indeed, when the displace-
ments ξµ(x) are independent of spacetime position, the
5linearized diffeomorphisms (11) take the same form as
Minkowski-spacetime translations. It is therefore natu-
ral to define translations in an approximately Minkowski
spacetime as linearized diffeomorphisms with constant
ξµ. This definition applies to all dynamical quantities,
including matter fields.
The linearized diffeomorphisms (11) can also be ex-
pressed as field transformations valued at the same posi-
tion,
hµν(x)→ h′µν(x) ≈ hµν − ηρν∂µξρ − ηµσ∂νξσ
−ξλ∂λhµν ,
χµa(x)→ χ′µa(x) ≈ χµa − 12ηρa∂µξρ + 12ηρaηµσ∂ρξσ
−ξλ∂λχµa, (12)
in parallel with the result (9). If we make the further
approximation of keeping only terms at leading order in
small quantities, the linearized diffeomorphisms (12) re-
duce to
hµν(x)→ hµν − ηρν∂µξρ − ηµσ∂νξσ,
χµa(x)→ χµa − 12ηρa∂µξρ + 12ηρaηµσ∂ρξσ.
(13)
These transformations in approximately Minkowski
spacetime are called gravitational gauge transformations,
or simply gauge transformations if there is no risk of con-
fusion with internal gauge transformations in the matter
sector. For hµν and χµa, gauge transformations and lin-
earized diffeomorphisms valued at the same position thus
differ by contributions involving the operator ξλ∂λ that
originates from the Lie derivative (9). However, nongrav-
itational fields are unaffected by the linearization proce-
dure, and so for consistency the corresponding contri-
butions must be kept when expanding nongravitational
expressions at leading order in small quantities. A gauge
transformation of a nongravitational operator O(x) in
the Lagrange density therefore can be defined as
O(x)→ O(x) − LξO(x), (14)
which retains the contribution −ξλ∂λO(x).
To identify the analogues of Minkowski-spacetime
Lorentz transformations in an approximately flat space-
time, it is useful to introduce a special set of transfor-
mations on the curved manifold called manifold Lorentz
transformations. These transformations are distinct both
from the usual local Lorentz transformations and also
from the global local Lorentz transformations described
in the previous subsection. By definition, manifold
Lorentz transformations act both on spacetime points
and on local frames. Under a transformation of this type
specified by a fixed element Λ of the Lorentz group, every
spacetime point at position x is mapped to another point
according to the special diffeomorphism
xµ → x′µ = Λµνxµ, (15)
where x′ is the new position expressed in the original
coordinate system and Λµν are the components of Λ. In
addition, the vierbein and the metric on the manifold are
defined to transform as
e aµ (x)→ e′µa(x′) = (Λ−1)ρµΛabe bρ (x),
gµν(x)→ g′µν(x′) = (Λ−1)ρµ(Λ−1)σνgρσ(x), (16)
where the new vierbein e′ aµ (x
′) and the new metric
g′µν(x
′) are at the new position x′ after the diffeomor-
phism, and where (Λ−1)ρµ = Λ
ρ
µ are the components
of the inverse of the matrix Λ. Other dynamical boson
fields are defined to transform similarly under manifold
Lorentz transformations, with both spacetime and local
indices transforming according to Λ and its inverse, while
fermion fields transform according to the corresponding
spinor transformation S(Λ).
The manifold Lorentz transformations can be defined
on any single coordinate chart in the atlas of a curved
spacetime, but the dependence on the coordinate chart
limits the value of the definition in the generic case.
However, approximately flat spacetimes permit natu-
ral choices of coordinate systems in which the vierbein
and metric are given approximately by e aµ ≈ δ aµ and
gµν ≈ ηµν . These natural coordinate systems are not
strictly unique, but all manifold Lorentz transformations
defined on them are closely related. So for practical ap-
plications and in particular in the context of experimental
analyses, we can select any one of them without loss of
physical generality. Moreover, the existence of these nat-
ural coordinates in approximately flat spacetimes insures
that manifold Lorentz transformations are the natural
analogues of Minkowski-spacetime Lorentz transforma-
tions. This follows because Minkowski spacetime is a
special manifold on which a coordinate system can be
chosen such that the vierbein and the metric take the
form e aµ = δ
a
µ and gµν = ηµν . A Minkowski-spacetime
Lorentz transformation can then be viewed as a manifold
Lorentz transformation defined in this chosen coordinate
system for Minkowski spacetime.
Within this setup, we can verify that manifold Lorentz
transformations are combinations of local Lorentz trans-
formations and diffeomorphisms. Assume first that the
local Lorentz transformations are global local Lorentz
transformations, so that the components Λab(x) in Eq.
(6) are independent of spacetime position. Assume fur-
ther that the diffeomorphisms are the special transfor-
mations x′µ = Λµνx
ν , which preserve the Minkowski
metric. The transformations in Eq. (16) can then be
identified as combinations of those in Eqs. (6) and (8)
in this limit. Other dynamical boson fields transform
appropriately, as do the spinor fields. It is therefore nat-
ural to identify global Lorentz transformations in an ap-
proximately Minkowski spacetime as manifold Lorentz
transformations. The global Lorentz transformations can
thus be understood as suitable combinations of global lo-
cal Lorentz transformations and special diffeomorphisms
that preserve the Minkowski metric.
Table I summarizes the various transformations intro-
duced above. The first column identifies the type of
manifold. An entry in the second column specifies the
6TABLE I. Some transformations in curved and approximately flat spacetimes.
Manifold Transformation Definition
General spacetime Local Lorentz transformation Eq. (6)
Diffeomorphism Eqs. (7) and (8)
Infinitesimal diffeomorphism Eq. (9)
Global local Lorentz transformation Local Lorentz transformation with Λab constant
Manifold Lorentz transformation Diffeomorphism xµ → Λµνx
ν , Λµν constant
and global local Lorentz transformation
Translation Diffeomorphism with ξµ constant
Approximately flat spacetime Lorentz transformation Manifold Lorentz transformation
Linearized diffeomorphism Eqs. (11) and (12)
Gauge transformation Eqs. (13) and (14)
Translation Linearized diffeomorphism with ξµ constant
transformation of interest, while one in the third column
provides its definition, either via a brief descriptive state-
ment or as a reference to defining equations in the text.
All these transformations play a key role in the present
work.
C. Backgrounds
A given term in the Lagrange density L of the general
effective field theory extending GR coupled to the SM
is the product of a field operator O(x) with a coupling
coefficient k(x) or its derivatives. Since it plays the role of
a coupling, k can be viewed as a background in the theory
or, equivalently, as a nonzero vacuum value of a field
[2]. This perspective holds irrespective of the detailed
origin or nature of the coefficient in the context of the
underlying theory.
Since the field operator O may behave nontrivially un-
der spacetime transformations and since the Lagrange
density is a scalar density under general coordinate trans-
formations, the background k can carry spacetime and
local indices. For example, backgrounds with tensorial
indices may arise in string theory [83]. In effective field
theory, the operator O is bosonic and so contains spinor
fields only as combinations of fermion bilinears. The
background k therefore carries no spinor indices. For def-
initeness and simplicity, we assume here that k carries no
indices associated with any internal gauge degrees of free-
dom. Backgrounds carrying gauge indices are possible in
principle and would appear in an effective field theory
that violates internal gauge invariance, but investigat-
ing this possibility lies outside our scope. For present
purposes, we can therefore treat k as a tensor under gen-
eral coordinate transformations and under observer local
Lorentz transformations. Note that k must remain in-
variant under all particle transformations, including both
diffeomorphisms and local Lorentz transformations, be-
cause it is nondynamical by construction.
The distinction between any upper and lower local in-
dices carried by k is physically irrelevant because the
two types of indices can be interconverted using the
Minkowski metric, which by definition is a nondynam-
ical quantity. However, upper spacetime indices on k can
represent physically different effects from lower spacetime
indices because the two are connected by the metric gµν ,
which is a dynamical field. As an example, when k is a
nondynamical background then a term in L of the form
kµOµ generates different contributions to the equations
of motion than does the term kµgµνOν . These consider-
ations imply that we can limit attention to three types of
indices on k without loss of generality: upper spacetime
indices, lower spacetime indices, and local indices in any
position. An arbitrary background can thus be denoted
as kµ...ν...
a...(x). Note that adopting a nonstandard def-
inition of the vierbein, which could lead to local frames
with a nondynamical local metric and nontrivial local
curvature, cannot introduce new physical effects because
the nonstandard and conventional vierbeins are related
via nondynamical algebraic equations. Modulo possible
derivatives acting on the background, the general struc-
ture of a term in the Lagrange density L can therefore
be written in the form
L ⊃ kµ...ν...a...(x)Oµ...ν...a...(x), (17)
where O contains all dynamical fields including any fac-
tors involving the vierbein e aµ and metric gµν . If deriva-
tives acting on the background are present, their indices
must also be contracted to insure that L remains a scalar
density.
Two classes of backgrounds k can conveniently be iden-
tified, according to whether they are spontaneous or ex-
plicit. As the two classes have different physical impli-
cations, for clarity in much of what follows we denote
spontaneous backgrounds by 〈k〉 and explicit ones by k.
Spontaneous backgrounds 〈k〉 arise as solutions of the
equations of motion in the underlying theory and hence
are vacuum expectation values of underlying fields. They
7satisfy the equations of motion and are thus on-shell
quantities. Fluctuations of the underlying fields about
〈k〉 then exist and can represent additional modes in the
effective theory [84, 85], including Nambu-Goldstone [86]
and massive modes. In contrast, explicit background
fields k are specified by fiat and so are nondynami-
cal. They are unconstrained by equations of motion and
hence can be off shell. Moreover, no dynamical fluc-
tuations about them exist. Intuitively, a spontaneous
background 〈k〉 can be viewed as a special nondynamical
background k that must be on shell and that has accom-
panying dynamical fluctuations. The on-shell restriction
and the presence of dynamical fluctuations imply that
the backgrounds 〈k〉 and k are associated with distinct
physics.
Among the set of possible general background fields
k is a subset consisting of background vierbeins and
background metrics. In realistic applications, the usual
vierbein and metric have nonzero values in the vacuum,
which insures nonzero distances between points. We can
view these quantities as a background vierbein and a
backgroundmetric. In many theories, including GR, they
emerge spontaneously as solutions of the equations of mo-
tion in otherwise empty regions of spacetime, where the
energy-momentum tensor and other relevant sources van-
ish. Like other background fields, they are invariant un-
der particle transformations. In the present context, it is
thus appropriate to denote the usual background vierbein
by 〈e〉 and the usual background metric by 〈g〉. For ex-
ample, the Minkowski solution to the GR field equations
has 〈e〉µa = ηµa and 〈g〉µν = ηµν , and for the background
the basic relation (1) reduces to the identity [84, 85]
〈g〉µν = 〈e〉µa〈e〉νbηab. (18)
It follows that the general effective field theory based on
GR coupled to the SM must contain at least one sponta-
neous background vierbein and background metric. Note
that one or more explicit backgrounds k in the theory
may also have the same index structure as the usual vier-
bein and metric and may therefore be identified as one
or more explicit background vierbeins and metrics. The
notion of an explicit background vierbein that relates ex-
plicit backgrounds k with local and spacetime indices was
introduced and investigated in Refs. [77, 78]. In what fol-
lows, any explicit background vierbeins and background
metrics are denoted as e and g. They are nondynamical
and by definition cannot arise from a dynamical vierbein
or metric on the manifold, so they can be treated in the
same way as other explicit backgrounds k. An effective
field theory based on GR containing an explicit back-
ground vierbein and background metric must therefore
have at least two metrics and two vierbeins.
To illustrate some implications of these various results,
consider a background k carrying a single index. The
above discussion reveals that six versions of this k can
usefully be distinguished, with the two classes of sponta-
neous and explicit k being further subdivided according
to the three possible index types,
k ∈ {〈k〉µ, 〈k〉µ, 〈k〉a, kµ, kµ, ka}. (19)
Consider first the spontaneous case. Since any sponta-
neous background 〈k〉 arises as the solution of dynamical
equations of motion, the three types of spontaneous 〈k〉
are related by the spontaneous background vierbein and
background metric [84],
〈k〉µ = 〈e〉µa〈k〉a = 〈g〉µν〈k〉ν . (20)
All three spontaneous backgrounds 〈k〉 thus represent the
same physics. In contrast, the three types of explicit
backgrounds k correspond to different physics because
they are nondynamical and couple differently with the
usual vierbein and metric. For instance, given an ex-
plicit background kµ with a contravariant index, we can
take advantage of the existence of the usual metric gµν
to form the product gµνk
ν , which might naively seem
to represent an explicit background with a covariant in-
dex. However, this product involves the dynamical op-
erator gµν and hence cannot be treated as an explicit
background in the variational procedure. Attempting
instead to take advantage of the existence of the usual
metric background 〈g〉µν to write the product 〈g〉µνkν
also fails to generate a satisfactory explicit background
with a covariant index because the product mixes on-
shell and off-shell quantities. The situation for explicit
backgrounds is further complicated in scenarios with an
explict background vierbein eµ
a and background metric
gµν in addition to the usual background vierbein 〈e〉µa
and background metric 〈g〉µν [77, 78]. Formal equations
such as kµ ≡ eµaka or kµ ≡ gµνkν can then be intro-
duced, but these must be understood as definitions in-
stead of physical relations. Since generic theories lack an
explicit background vierbein and background metric, the
three explicit backgrounds k typically cannot be related
even by definitions of this type. All these examples gen-
eralize to backgrounds k with more complicated index
structures.
D. Symmetry violations
The presence of a background can violate spacetime
symmetries because backgrounds behave differently from
dynamical fields under particle spacetime transforma-
tions. Both backgrounds and dynamical fields behave co-
variantly under observer transformations, which insures
invariance of the physics under coordinate changes. For
instance, physical invariance under general coordinate
transformations, which are observer diffeomorphisms, is
assumed to be a property of a realistic theory. How-
ever, backgrounds are invariant under particle transfor-
mations, while dynamical fields transform covariantly.
This difference can lead to physical symmetry violations
in observables that involve dynamical fields coupled to a
background.
8TABLE II. Examples of terms in the Lagrange density with different transformation properties.
Local Lorentz transformations Diffeomorphisms Examples
invariance (LLI)
invariance (DI) GR
spontaneous violation (SDV) 〈k〉abOab, 〈k〉
ab = ηab
explicit violation (EDV) kµOµ
spontaneous violation (SLLV)
invariance (DI) none
spontaneous violation (SDV) 〈k〉µOµ
explicit violation (EDV) kµaOµa, k
µa ≡ kµ〈k〉a
explicit violation (ELLV)
invariance (DI) kaOa, k
a constant
spontaneous violation (SDV) kµaOµa, k
µa ≡ 〈k〉µka
explicit violation (EDV) kaOa, k
a nonconstant
Consider, for example, a generic background ka... in
a local frame. This can be viewed as specifying an ori-
entation in the frame, sometimes called a preferred di-
rection, which is invariant under local Lorentz transfor-
mations. Unless ka... happens to have no indices and
is independent of position, or unless it is proportional
to combinations of the Lorentz-group invariants ηab and
ǫabcd, the coupling of a dynamical field to k
a... can pro-
duce changes of physical observables under local rota-
tions or local Lorentz boosts. These are violations of
local Lorentz invariance, which can thus be traced to
a direction-dependent background in a local frame [2].
Note that even a scalar background k(x) without indices
but varying with spacetime position can introduce viola-
tions of local Lorentz invariance because the derivatives
of k(x) specify an orientation in a local frame [87]. Simi-
larly, a generic background kµ...ν... on the spacetime man-
ifold can lead to violations of diffeomorphism invariance
unless it has no indices and is independent of spacetime
position. Only a background serving as a scalar coupling
constant, such as the expectation value of the Higgs field
in the SM, can preserve local Lorentz invariance and dif-
feomorphisms.
For explicit backgrounds, the above results hold
without further subtleties. An explicit background
kµ...ν...
a...(x) defined both on the manifold and in local
frames violates local Lorentz and diffeomorphism invari-
ance in ways determined directly by its index structure
and by its nonvanishing derivatives. For spontaneous
backgrounds, however, conditions like Eq. (20) relate the
different types of indices. A spontaneous background
〈k〉µ...ν...a...(x) can therefore be viewed equivalently as
defined entirely on the manifold, entirely in local frames,
or as a mixture of the two. Consequently, we recover the
result obtained in Ref. [84]: a generic theory contains
spontaneous local Lorentz violation (SLLV) if and only if
it contains spontaneous diffeomorphism violation (SDV),
SLLV ⇐⇒ SDV (generic theories). (21)
Two exceptions to this result exist, one due to an acciden-
tal symmetry and the other to convention. The first ex-
ception arises when the spontaneous background happens
to be proportional to combinations of the Lorentz-group
invariants ηab and ǫabcd, in which case it has accidental
local Lorentz invariance but can still violate diffeomor-
phism invariance. The other is specific to the usual back-
ground vierbein 〈e〉µa = ηµa and metric 〈g〉µν = ηµν in
an approximately Minkowski spacetime. As described
in the previous subsection, these quantities are taken
by convention to be invariant under both local Lorentz
transformations and diffeomorphisms, with special trans-
formation rules (11) assigned to the fluctuations around
them to compensate for this defined invariance.
The action of the effective field theory is defined as
usual via integration over the spacetime manifold,
S =
∫
d4x eL, (22)
and is assumed invariant by construction under gen-
eral coordinate transformations, which can be under-
stood as observer diffeomorphisms as described in Sec.
II B 2. A generic term in L involving a background takes
the form (17) or its generalization incorporating back-
ground derivatives. The properties of the term under
local Lorentz transformations and diffeomorphisms are
determined by the index structure and spacetime depen-
dence of the background k.
Table II shows some examples of terms in L and their
properties under local Lorentz transformations and dif-
feomorphisms: invariance, spontaneous violation, or ex-
plicit violation. In principle, this yields nine possible
classes of terms identified according to the transforma-
tion properties displayed in the first two columns of the
table, which we denote by the abbreviations LLI, SLLV,
ELLV, DI, SDV, EDV as shown in the parentheses. How-
ever, the generic result (21) insures that the SLLV-DI
class is empty, while the LLI-SDV class contains only
the exceptions to the result mentioned above. Note that
9terms in the SLLV-EDV and ELLV-SDV classes must in-
volve mixed backgrounds arising partly from spontaneous
violation and partly from explicit violation, so in this
sense the corresponding examples are more complicated.
More generally, a given model may contain several terms
lying in distinct classes and can therefore be expected to
exhibit multiple features associated with different types
of symmetry violations.
The third column of Table II provides examples of indi-
vidual terms in each of the eight nonempty classes. Other
than the exceptions in the LLI-SDV class, for which the
backgrounds must be formed from the Minkowski metric
or the Levi-Civita tensor, the chosen examples all involve
the comparatively simple backgrounds with a single in-
dex taken from the set (19). The operators O are un-
derstood to have transformation properties determined
by their index structure and to enter the action (22)
as dynamical fields on the manifold, which can include
the usual vierbein e aµ and metric gµν along with matter
fields. Any local indices on an operator O therefore arise
from the presence of vierbeins and fermion bilinears in-
volving Dirac matrices rather than from spacetime fields
expressed in local coordinates. For instance, the choice
Oab = Rab is excluded to avoid the spurious appearance
of the usual GR combination ηabRab = g
µνRµν = R in
the LLI-SDV class. Some classes also contain additional
simple examples beyond those shown in the table. As an
illustration, the term kµOµ lies in the LLI-EDV class and
is distinct from the term kµOµ listed in the table. Also,
the three possible SLLV-SDV terms 〈k〉µOµ, 〈k〉µOµ, and
〈k〉aOa are related by virtue of the equivalence (20).
The transformations listed in Table II refer to proper-
ties of terms in the action rather than to physical observ-
ables. The relationship between properties of the action
and experimental measurements can be subtle. Consider,
for example, a term of the form kµOµ, which exhibits lo-
cal Lorentz invariance at the level of the action. Experi-
ments searching for local Lorentz violation may nonethe-
less be sensitive to this term because the nonzero vier-
bein 〈e〉µa implies that the combination kµ〈e〉µa provides
a definite orientation in the local experimental frame,
which can yield observable local Lorentz violation. An
example is the fermion-sector term [2]
L ⊃ −bµeµaψγ5γaψ, (23)
which causes orientation-dependent splittings in the
fermion energy spectrum and has been studied in nu-
merous experiments searching for Lorentz violation in
quantum electrodynamics [4]. A kind of converse is also
possible: some terms of the form kµOµ explicitly vio-
late diffeomorphism invariance at the level of the action
but are undetectable in experiments. This can often be
confirmed directly for a given case by identifying a suit-
able field or coordinate redefinition that removes the term
from the action and thereby demonstrates its physical ir-
relevance [2, 36, 81]. A well-known example is the term
L ⊃ −aµeµaψγaψ, (24)
for which one component of the background aµ(x) can
be removed using the field redefinition ψ = exp[if(x)]ψ′,
representing a position-dependent change of phase [2].
Another subtlety arises in spontaneous symmetry vi-
olation, where the underlying theory is invariant under
local Lorentz transformations and diffeomorphisms. In
any spontaneous symmetry violation, the symmetry of
the full theory remains unbroken but becomes hidden
when the Lagrange density of the full theory is expressed
in terms of field fluctuations about the background [88].
In the context of spontaneous breaking of spacetime sym-
metries, the field fluctuations transform in unconven-
tional ways, which insure that the full theory retains
the complete spacetime symmetry [85]. However, ex-
periments cannot change the background by performing
local Lorentz and diffeomorphism transformations, and
they treat the fluctuations as conventional tensor fields.
As a result, experiments can be sensitive to the exis-
tence of spontaneous backgrounds despite the hidden in-
variance of the underlying theory. Note, however, that
in approximately Minkowski spacetime the usual sponta-
neous background vierbein 〈e〉µa = ηµa and spontaneous
background metric 〈g〉µν = ηµν form an exception to this
picture because the fluctuations (10) are conventionally
assumed to transform so that the full vierbein and met-
ric behave as tensor fields. In experimental analyses, the
backgrounds 〈e〉µa = ηµa and 〈g〉µν = ηµν can there-
fore be viewed as preserving local Lorentz invariance and
diffeomorphism invariance.
The experimental situation can be further complicated
by dynamical fields from objects outside the control of
the experimentalist that can mimic the effects of a back-
ground and hence play the role of one or more nonzero
coefficients k in the effective field theory. A simple exam-
ple is the gravitational field of the Earth, which acts as
a nontrivial background and provides a preferred direc-
tion in the laboratory. Some coefficients k then depend
on the local gravitational acceleration ~g. This introduces
apparent signals for local Lorentz and diffeomorphism vi-
olation even in a scenario with an invariant theory. The
invariance would be manifestly evident under transfor-
mations of the experimental conditions only if the Earth
could be transformed as well. Similarly, a background
distribution of particles or a thermal bath establishes a
preferred inertial frame and hence can also create appar-
ent signals for Lorentz violation. For instance, a neutrino
beam that travels through the body of the Earth inter-
acts with the electrons in the Earth’s material [89]. This
acts as a background described by an a-type coefficient
similar to that in Eq. (24), producing apparent Lorentz
violation in neutrino flavor oscillations [90]. Note that
mimic backgrounds can occur at various scales, including
cosmological ones. For example, the cosmic microwave
background fixes a rest frame throughout the Universe.
This leads to apparent violations of Lorentz invariance,
including subtle effects such as the observed dipole tem-
perature anisotropy due to the velocity of the Earth rel-
ative to this frame [91]. Preferred spacetime directions
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can also be expected from other mimic backgrounds at
large scales, including the cosmic neutrino background
and perhaps also dark matter and dark energy.
The effects of known mimic backgrounds must be re-
moved in any experimental analysis searching for vio-
lations of spacetime symmetries arising in an underly-
ing theory. Alternatively, since mimic backgrounds can
play the role of the coefficients k, laboratory searches for
violations of spacetime symmetries can be reinterpreted
as providing constraints on unknown dynamical fields,
even in theories that are invariant under local Lorentz
transformations and diffeomorphisms. For instance, ex-
tensions of Riemann geometry to include spacetime tor-
sion or nonmetricity tensors typically generate nontrivial
backgrounds in nature, and matching these to the above
framework permits sensitive experimental constraints on
the components of both torsion [92] and nonmetricity [93]
to be achieved by reinterpreting experimental bounds ob-
tained in laboratory searches for Lorentz violation.
The frame dependence of the backgrounds implies that
meaningful comparisons of results obtained in different
experiments must be made in a specified frame. For this
purpose, it is desirable to choose a standard frame that
is approximately inertial over the time scale of typical
measurements and that is experimentally accessible. No
Earth-based frame is a suitable choice due to the rotation
of the Earth about its axis and its revolution around the
Sun, which imply consequent experimental effects such
as sidereal variations of observables [94]. Instead, the
canonical frame adopted in the literature is the Sun-
centered frame [95], which uses a right-handed coordi-
nate system determined by the Earth’s rotational axis
and the direction to the 2000 vernal equinox. This frame
has been used to report results of numerous experimental
investigations performed in the last two decades [4].
E. Linearization
Experimental and observational tests of spacetime
symmetries mostly involve weak gravitational fields in
approximately flat spacetime, for which it is appropriate
to adopt the linearized description (10) of the vierbein
and metric introduced in Sec. II B 3. From the view-
point of the whole manifold, these experiments probe
local Lorentz and diffeomorphism invariance. In the
linearized description, however, this reduces to study-
ing the analogues in approximately flat spacetime of
Minkowski-spacetime Lorentz transformations and trans-
lations, which can mix local Lorentz transformations and
diffeomorphisms as shown in Sec. II B 3. The spacetime
symmetries of a given theory on the manifold therefore
can correspond nontrivially to spacetime symmetries of
its linearized limit. For example, a Lorentz transforma-
tion in experiments searching for sidereal or annual vari-
ations involves changes both of the velocity in the local
frame and of the spacetime position, so even backgrounds
k having only spacetime indices can generate Lorentz vi-
olation in experiments. In this subsection, we consider
some aspects of this correspondence.
In the limit of weak gravitational fields in approxi-
mately flat spacetime, the action (22) is linearized to SL
according to
S =
∫
d4x eL → SL =
∫
d4x LL, (25)
where the linearized Lagrange density LL incorporates
relevant contributions from the linearization of the vier-
bein determinant e. The pure-gravity sector of LL is
understood to contain terms up to second order in the
fluctuations h and χ, which permits exploration of effects
on gravitational waves and graviton propagation, except
that contributions from the cosmological-constant term
are kept only to first order in h. For the matter-gravity
sector, LL is restricted to contain terms at first order in
h and χ but to include other fields at all orders. These
choices are the usual ones adopted for the linearization
procedure in GR coupled to matter.
In the linearized limit, three kinds of spacetime trans-
formations in approximately flat spacetime are of inter-
est: Lorentz transformations, gauge transformations, and
translations. Their definitions and basic properties are
presented in Sec. II B 3. The three symmetries can be
broken spontaneously or explicitly.
Consider first Lorentz transformations in the linearized
theory. These are combinations of special local Lorentz
transformations and diffeomorphisms, so theories with
either local Lorentz violation or diffeomorphism viola-
tion typically have linearized limits violating Lorentz in-
variance. In some special scenarios, however, the back-
grounds on the manifold reduce in the linearized limit to
combinations of the Lorentz-group tensors ηµν and ǫκλµν .
Lorentz invariance is then preserved in the linearized the-
ory despite the presence of local Lorentz violation or dif-
feomorphism violation in the original theory.
Gauge transformations of linearized gravitational fields
in approximately flat spacetime are given by Eq. (13),
while for nongravitational fields they are given by the
linearized diffeomorphisms (14). In the linearized limit,
the Riemann curvature Rµνρσ and its contractions Rµν
and R are gauge invariant at first order, while the combi-
nation eR is gauge invariant at second order. These fea-
tures insure gauge invariance of the linearized action for
GR coupled to the SM. Gauge invariance also holds for
other theories with unbroken local Lorentz and diffeomor-
phism invariance, provided any dynamical backgrounds
k(x) without indices are treated like matter scalar fields
in the linearization procedure. Note that terms with
nondynamical backgrounds k(x) break diffeomorphism
invariance and may lead to gauge violations in the lin-
earized limit, irrespective of their spacetime- or local-
index structures.
With the above understandings of the linearization
procedure and gauge transformations, calculation shows
that when a theory is diffeomorphism invariant (DI) then
its linearized limit is gauge invariant (GI). This holds
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TABLE III. Examples of terms in the linearized Lagrange density with different transformation properties.
Lorentz transformations Gauge transformations Translations Examples
invariance (LI)
invariance (GI)
invariance (TI) GR
violation (TV) none
violation (GV)
invariance (TI) kµνO′µν , k
µν = ηµν
violation (TV) none
violation (LV)
invariance (GI)
invariance (TI) kaOa, k
a constant
violation (TV) kµOµ, k
µ nonconstant
violation (GV)
invariance (TI) kµO′µ, k
µ constant
violation (TV) kaO′a, k
a nonconstant
irrespective of the properties of the theory under local
Lorentz transformations. It implies a linearized theory
with gauge violation (GV) comes from a theory with dif-
feomorphism violation (DV),
DI⇒ GI, GV⇒ DV. (26)
Note that the converses are false. For example, a term in
L of the form L ⊃ kαβγδκλµνRαβγδRκλµν violates diffeo-
morphism invariance on the manifold but preserves gauge
invariance in the linearized theory LL, so DV6⇒GV.
Translations in approximately flat spacetime are spe-
cial cases of linearized diffeomorphisms for which the dis-
placements ξµ(x) of spacetime points are independent of
spacetime position. Therefore, if a theory is DI then
its linearized limit is also translation invariant (TI), and
hence if a linearized theory has translation violation (TV)
then the full theory is DV,
DI⇒ TI, TV⇒ DV. (27)
As before, the converses are false.
Translation violation also implies the existence of at
least one nonconstant background k. Since nonzero
derivatives of k at a spacetime point determine preferred
directions at that point, translation violation in a lin-
earized theory is accompanied by Lorentz violation (LV).
The contrapositive insures that Lorentz invariance (LI)
in the linearized theory implies translation invariance.
We thus have
LI⇒ TI, TV⇒ LV. (28)
Again, the converses are false, as a constant background
can violate Lorentz symmetry while preserving transla-
tion invariance.
Given the three kinds of transformations at the lin-
earized level, each of which allows the two options of
invariance or violation, one might expect to classify any
term in a linearized theory as one of eight types. How-
ever, the relation (28) implies that two of these eight
classes must be empty. Table III displays the eight possi-
bilities and provides examples of terms in the linearized
Lagrange density LL. The first three columns list the
possible properties under Lorentz transformations, gauge
transformations, and translations, which we denote by
the abbreviations shown in parentheses. The final col-
umn shows representative terms in LL for each of the five
nonempty classes. The backgrounds k are assumed to be
generic unless otherwise indicated. Some entries involve
the comparatively simple single-index backgrounds listed
in the set (19), and some contain two-index backgrounds
determined by the Minkowski and Levi-Civita tensors.
In this table, gauge-invariant operators are denoted by
O while gauge-violating ones are denoted by O′. The
operators are taken to have the same basic properties as
those adopted for Table II, except that any gravitational
field they contain is linearized. For example, the gauge-
invariant operators displayed could include linearizations
of products of the scalar curvature and the Ricci tensor,
which are gauge invariant in LL because each factor is
separately gauge invariant at first order in the fluctua-
tions. The entries in the final column are only represen-
tative, and other simple examples exist. Note also that
combinations of terms in a given model can produce more
complicated combinations of effects.
The correspondence between the spacetime symme-
tries of a given term in the Lagrange density of a theory
and the spacetime symmetries in the linearized limit is
depicted schematically in Fig. 1. Each of the six boxes
with a white background represents one of the classes
of terms in Table II, labeled according to its properties
under local Lorentz transformations and diffeomorphisms
using the abbreviations shown in the table. Note that for
simplicity we omit from the figure the two classes SLLV-
EDV and ELLV-SDV that involve mixed backgrounds.
Each of the six boxes with a gray background represents
one of the six nonempty classes of terms in Table III,
labeled by its properties under Lorentz transformations,
gauge transformations, and translations. The lines spec-
ify the classes of linearized terms that can arise from a
given term in the original theory. For example, a term
with spacetime symmetries in the SLLV-SDV class can
produce terms at the linearized level lying in one of the
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TABLE IV. Symmetry properties of sample terms and their linearizations.
Theory Linearization
LI, GI, TI LV, GV, TI LI, GV, TI LV, GV, TV LV, GI, TV LV, GI, TI
LLI, DI GR none none none none none
SLLV, SDV none
〈k〉µOµ,
none
〈k〉µOµ, 〈k〉
µνRµνR, 〈k〉
µνRµνR,
〈k〉µ constant 〈k〉µ nonconstant 〈k〉µν nonconstant 〈k〉µν constant
LLI, SDV
〈k〉µνRµνR,
none
〈k〉µνOµν ,
none none none
〈k〉µν = ηµν 〈k〉µν = ηµν
ELLV, DI none none none none none
kaOa,
ka constant
LLI, EDV
kµνRµνR, k
µOµ, k
µνOµν , k
µOµ, k
µνRµνR, k
µνRµνR,
kµν = ηµν kµ constant kµν = ηµν kµ nonconstant kµν nonconstant kµν constant
ELLV, EDV
kµaeνaRµνR, k
µaOµa, k
µaOµa, k
aOa, k
µaeνaRµνR, k
µaeνaRµνR,
kµa = ηµa kµa constant kµa = ηµa ka nonconstant kµa nonconstant kµa constant
four classes LV-GV-TI, LV-GV-TV, LV-GI-TV, and LV-
GI-TI. The figure applies to single terms in the original
theory, as combinations of terms can be associated with
different classes. It also assumes the term in the original
theory contributes in the linearized limit, hence exclud-
ing certain possible operators such as cubic products of
curvatures.
FIG. 1. Relationships between different types of effective
terms and their linearizations.
Table IV provides specific examples of the connections
displayed in Fig. 1 between different types of terms and
their linearizations. The six entries in the first column
list the symmetry properties of the six types of terms
represented by the boxes with a white background in
the figure. The other six columns in the table are la-
beled with the symmetry properties of the six classes of
linearized terms denoted by the boxes with a gray back-
ground in the figure. Each of the 36 entries contained in
these five columns matches a particular line in the figure
and thereby provides a specific example of a term with
the corresponding symmetries, except for the 16 entries
for which no such term exists. These 16 cases are ex-
cluded by the constraints (21), (26), (27), and (28). The
backgrounds k are generic unless otherwise indicated and
the operators O represent appropriate dyamical fields.
The entries are only representative examples, and addi-
tional possibilities exist.
The existence of certain invariances in a theory has
implications for the observability of the fluctuations hµν
and χµa introduced in Eq. (10). Consider first a theory
with local Lorentz invariance described by a Lagrange
density L. Under an infinitesimal local Lorentz transfor-
mation with Λab(x) = η
a
b + ǫ
a
b(x), the fluctuation hµν
is invariant while χµa changes at leading order,
hµν(x)→ hµν(x),
χµa(x)→ χµa(x)− ǫµa(x). (29)
Since χµa and ǫµa are both antisymmetric, it follows
that the χµa modes can be transformed to zero using
a suitable local Lorentz transformation. Other dynam-
ical fields change to new expressions under this trans-
formation. For example, the spinor field ψ(x) changes
according to
ψ(x)→ ψ′(x) = exp[ 14 iǫab(x)σab]ψ(x). (30)
Writing the theory in terms of transformed fields amounts
to implementing field redefinitions and so produces a La-
grange density equivalent to L but lacking the χµa modes.
This confirms that the χµa modes are unobservable in a
theory with local Lorentz invariance [36]. In particular, it
implies that the χµa modes play no physical role in theo-
ries of the LLI-DI, LLI-SDV, and LLI-EDV types shown
in Fig. 1 and in the first, third, and fifth rows of Table
IV. Note, however, that the χµa modes can be physi-
cal in theories with Lorentz invariance in approximately
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flat spacetime, as these can arise as linearized limits of
theories with local Lorentz violation.
Similarly, some components of the metric and vierbein
are unobservable in theories with gauge invariance in ap-
proximately flat spacetime. Under an infinitesimal gauge
transformation with xµ → xµ + ξµ(x), the fluctuations
hµν and χµa change according to Eq. (13). It follows
that four degrees of freedom in the metric and vierbein
are associated with gauge transformations and hence are
unobservable in theories with gauge invariance. As in
the case of the χµa modes discussed above, field redefini-
tions can remove these ξµ modes by generating a physi-
cally equivalent Lagrange density in which they are ab-
sent. This establishes that the ξµ modes are unphysical in
linearized theories of the LI-GI-TI, LV-GI-TV, and LV-
GI-TI classes shown in Fig. 1 and in the corresponding
columns of Table IV.
F. No-go constraints
In any model based on Riemann geometry or its exten-
sions to include torsion and nonmetricity, the fields must
satisfy the Bianchi identities, which are intrinsically im-
posed by the geometric structure [80, 96]. The Bianchi
identities hold both on and off shell, and their compatibil-
ity with the variational principle imposes constraints that
must be satisfied for consistency of the model. In GR,
for example, the Bianchi identity implies the on-shell con-
servation of the energy-momentum tensor, DµT
µν = 0,
which is compatible with the dynamics and symmetries of
the theory obtained by variation of the action. Similarly,
in a model with spontaneous violation of one or more
spacetime symmetries, compatibility with the Bianchi
identities is maintained because the variational proce-
dure is standard. However, explicit violation of a space-
time symmetry requires the presence in the action of one
or more nondynamical background fields kµ...ν...
a...(x),
which behave unconventionally under variations. The
variational results can then become incompatible with
implications from the Bianchi identities and hence can
render problematic a model containing explicit violation
[2]. This can, for instance, induce outright inconsisten-
cies in the model or impose unnatural requirements such
as fine tuning of the explicit background. The potential
constraints on a model with explicit violation of space-
time symmetries are called no-go constraints. Their role
has been the subject of extensive recent investigation by
Bluhm and collaborators [75–78].
As described in Sec. II C, a spontaneous background
〈k〉 can be viewed as a nondynamical background k that
is on shell and that comes with dynamical fluctuations
including Nambu-Goldstone and massive modes. In this
context, incompatibilities in a model with explicit break-
ing can be interpreted as due to the absence of dynam-
ical fluctuations [2]. Within the Stu¨ckelberg approach
[97, 98], the missing Nambu-Goldstone modes correspond
to extra dynamical scalar fields that can be added to re-
store the explicitly broken symmetry [78]. For explicit
diffeomorphism violation, the no-go constraints can be
identified with the Noether identities [99] arising from the
requirement of general coordinate invariance of the model
[75]. Under suitable circumstances, the constraints can
be satisfied by appropriately fixing the ξµ modes. Sim-
ilar results hold for local Lorentz violation and the cor-
responding χµa modes [77], as well as in the presence
of matter-gravity couplings [78]. However, in some sce-
narios the no-go constraints cannot be satisfied for any
choice of the ξµ or χµa modes [75].
The present subsection contributes to the ongoing dis-
cussion of this topic by demonstrating that an explicit
background kµ...ν...
a...(x) typically cannot satisfy the no-
go constraints in a model that modifies the physics only
perturbatively. This result holds in the matter-gravity
sector as well as in the pure-gravity one, and it thus ex-
tends the practical impact of the no-go constraints on the
space of possible realistic models that seek to describe
small deviations from known physics. Some comments
about models based on non-Riemann geometry are also
presented.
Consider first a model with an explicit background
kµ1···µn carrying n covariant spacetime indices. The as-
sociated current can be defined as usual by variation of
the action, Jµ1···µn ≡ δS/δkµ1···µn . Following the cal-
culational procedure in Ref. [2] reveals that the Bianchi
identity implies
DµT
µ
ν = J
µ1···µnDνkµ1···µn −Dµ1(Jµ1···µnkνµ2···µn)
− . . .−Dµn(Jµ1···µnkµ1···µn−1ν)
= 0, (31)
where the covariant derivatives are combinations of par-
tial derivatives and Levi-Civita connections. This result
matches Eq. (27) of Ref. [77], and it reduces to Eq. (A.17)
of Ref. [78] in the limit of a single spacetime index. It
represents four no-go constraints that must be obeyed by
the model for internal consistency.
In practical applications relevant for laboratory and
solar-system experiments, gravity is weak and the space-
time is approximately flat. The metric can then be ex-
panded as in Eq. (10), with the dynamics determined by
the metric fluctuation hµν . Linearizing Eq. (31) in hµν
produces an equation of the schematic form
J(∂k + k∂h) + (∂J + J∂h)k = 0, (32)
where we suppress all indices and factors. The no-go con-
straints thus correspond to conditions of the schematic
form
∂k
k
+
∂J
J
+ ∂h = 0. (33)
Note that the metric fluctuation h appearing in this ex-
pression includes both the conventional modes appearing
in GR and the ξµ modes. The latter are physical in some
scenarios but are unobservable in GR and models with
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gauge invariance, as discussed at the end of the previous
subsection.
We can consider the implications of the no-go con-
straints (31) and the schematic condition (33) for dif-
ferent models with an explicit background kµ1···µn . Sup-
pose first that the background kµ1···µn appears only in
the pure-gravity sector of a model, so that the current
Jµ1···µn is composed of hµν . The no-go constraints can
then be impossible to satisfy. A simple example is a
model with a fixed but nonconstant cosmological term
Λ(x). This is incompatible with the condition (31) re-
quired by the Bianchi identity, which demands ∂µΛ = 0
[75]. Another example is the LLI-EDV model with action
S ∝
∫
d4x e(R + kµνgµν), (34)
containing a two-index symmetric prescribed background
kµν . At zeroth order in hµν , the condition (31) reduces
to the constraint
∂µk
µν + 12ηαβη
µν∂νk
αβ = 0, (35)
showing that only special choices of backgrounds kµν can
be admissible. Generic backgrounds kµν in this model
are therefore perturbatively incompatible with the no-
go constraints independently of the behavior of hµν and
its ξµ modes, and so arbitrary explicit diffeomorphism
violation is excluded. Moreover, at first order in h the
schematic condition (33) in this model reduces to ∂k/k ∼
∂h/h. Since ∂h/h is tiny near the Earth and since k is
perturbative by construction, it follows that k must be
almost constant. Thus, even a restricted background kµν
satisfying (35) must have a fine-tuned structure to satisfy
the no-go constraints.
In the above models, the no-go constraints generate
direct restrictions on explicit backgrounds without in-
volvement of hµν or ξµ at leading order because the back-
ground terms in the action are linear in hµν . However,
backgrounds in more involved models typically also con-
flict with the no-go constraints and the perturbative as-
sumption. Consider, for example, a model with action
S ∝
∫
d4x e(R+ k(x)hµνh
µν), (36)
which can be viewed as incorporating a constant two-
index background ηµν such that hµν = gµν − ηµν and
hµν ≡ ηµαηνβhαβ , along with a background function
k(x). At leading order in small quantities, the no-go
constraints (31) for this model reduce to the schematic
form ∂k/k ∼ ∂h/h, in accordance with the result (33).
As before, this shows that the structure of k(x) must be
fine tuned to be nearly constant in the vicinity of the
Earth for the perturbative assumption to be valid. In
the particular special case that k(x) = m2/2 is a positive
constant, the action (36) describes a simple model for
massive gravity. At leading order, the no-go constraints
then collapse to ∂µh
µν = 0, which is analogous to en-
forcing a particular gauge-fixing condition and imposes
a corresponding form for the ξµ modes. In this limit,
the model (36) is therefore compatible with the no-go
constraints at least to first order in hµν . However, even
constant backgrounds may be insufficient to insure com-
patibility with the no-go constraints in many models. For
example, no useful post-Newton expansion exists in pure-
gravity models with constant-background d = 4 terms of
the form sµνRµν or t
κλµνRκλµν because the ξµ modes
decouple at leading order and hence cannot be used to
satisfy the no-go constraints, leading to severe restric-
tions on acceptable linearized curvatures [75]. As before,
the schematic constraint (33) for these models shows that
the only potential backgrounds that are admissible must
be almost constant, so generic explicit backgrounds are
excluded.
Next, suppose instead that the explicit background k
appears in the matter-gravity sector, so that the current
J includes matter fields. If we insist that k modifies the
physics only perturbatively, as required in an effective
field theory, then we can show that the model is typi-
cally incompatible with the no-go constraints. Consider,
for example, a matter sector involving a spinor field ψ.
The fermion bilinears can involve Dirac matrices and as-
sociated couplings to the vierbein e aµ , which in approxi-
mately flat spacetime can be expanded according to Eq.
(10). Linearizing the current J in the metric and vier-
bein fluctuations produces an expression of the schematic
form
J ∼ ψψ +O(h)ψψ +O(χ)ψψ + . . . , (37)
where for simplicity we suppress all indices, factors, and
structures involving Dirac matrices. At leading order,
we thus find ∂J/J ∼ ψ∂ψ/ψψ. However, the size of
ψ∂ψ/ψψ in laboratory experiments is much larger than
the unperturbed GR contributions from ∂h, which are
dominated by the local gravitational acceleration. For in-
stance, neutrons bound in the Earth’s gravitational field
have values of ψ∂ψ/ψψ of order 10−12 GeV, whereas
the gravitational acceleration on the Earth’s surface is
of order 10−32 GeV. The condition (33) from the no-go
constraints thus typically cannot be satisfied unless any
physical effects from the ξµ modes or from ∂k/k are also
much larger than the gravitational acceleration, both of
which are excluded for perturbative modifications to GR.
This line of reasoning can be applied to most models
with explicit backgrounds in the matter-gravity sector.
The argument can be evaded for certain cases in which
the background k is constant or nearly so, ∂k ∼ 0, and
the current J happens to have a special form that is con-
served or almost conserved, ∂J ∼ 0, since then both k
and the ξµ modes can yield perturbative contributions to
the usual gravitational acceleration while still satisfying
the condition (33) from the no-go constraints. For exam-
ple, one-loop radiative corrections in certain models of
massive gravity yield a c-type coefficient in the matter-
gravity sector [78, 100], which amounts to a background
k with ∂k ∼ 0 and a current J with ∂J ∼ 0. As another
example, consider a term of the form L ⊃ −aµeµaψγaψ
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involving an explicit background aµ, which can produce
nontrivial physical effects when aµ differs from a gradi-
ent, aµ 6= ∂µf [2]. This term produces a current J that is
conserved, ∂J = 0, by virtue of a global U(1) symmetry.
The condition (33) then reduces to ∂a/a ∼ ∂h, which is
compatible with perturbative behavior. In this instance,
further insight can be gleaned from the analogous term
for spontaneous symmetry breaking, L ⊃ −aµeµaψγaψ,
where aµ now contains a background 〈a〉µ along with dy-
namical fluctuations insuring compatibility between the
Bianchi identity and the variational procedure. This sit-
uation is comparatively simple because ∂J = 0 and so the
condition (33) implies ∂a ∼ a∂h, which is congruent with
the solution (87) for the fluctuation modes given in Ref.
[36]. For a more complicated matter-gravity term with
a spontaneous background k that lacks a conservation
law for J , satisfying (33) requires solving ∂k ∼ k∂J/J .
This typically is challenging to perform in detail and re-
mains an open problem of definite interest. In contrast,
for most explicit backgrounds, nonperturbative solutions
that are compatible with the no-go constraints may be
possible in principle but typically are incompatible with
existing experiments.
Consider next a model with an explicit background
kµ1···µn carrying n contravariant spacetime indices. This
faces challenges similar to those for the background
kµ1···µn . For this case, the no-go constraints take the
form
DµT
µ
ν = Jµ1···µnDνk
µ1···µn +Dµ1(k
µ1···µnJνµ2···µn)
+ . . .+Dµn(k
µ1···µnJµ1···µn−1ν)
= 0. (38)
The solution to this equation has the same schematic
form as Eq. (33) and so exhibits the same problems,
with only fine-tuned backgrounds offering the potential
for consistency. While nonperturbative solutions of the
no-go constraints may exist for arbitrary backgrounds,
they typically are excluded by existing experiments.
Finally, we discuss a model containing a background
ka
b1···bn with n+ 1 local indices. The corresponding no-
go constraints now involve the antisymmetric part of the
energy-momentum tensor. They take the form
T µν − T νµ
= −eµaeνb[(Jac1···cnkbc1···cn + Jc1ac2···cnkc1bc2···cn
+ . . .+ Jc1···cnak
c1···cn
b)− (a↔ b)]
= 0, (39)
where Jab1···bn ≡ δS/δkab1···bn is the relevant current.
These constraints amount to the requirement of the van-
ishing of a generalized cross product between the current
and the background. As before, the obstacle for this case
can be understood in the perturbative limit, where the
modes of relevance are hµν and χµa.
Consider first a background ka
b1···bn appearing in the
matter-gravity sector, with the current J expanded as
in Eq. (37). Since J cannot be significantly modified
by perturbative hµν or χµa, the no-go constraints (39)
can be seen to require the vanishing of a linear combina-
tion of the currents determined by the background. This
represents a strong restriction on the structure of the
background ka
b1···bn , with generic backgrounds being in-
admissible.
Next, suppose ka
b1···bn appears instead in the pure-
gravity sector. For most terms in the corresponding La-
grange density, including ones containing factors of the
curvature, the contribution to the current at leading or-
der in small quantities cannot contain the χµa modes.
This is because the local indices on the background must
ultimately be contracted with factors of the vierbein,
which contains the χµa modes only at subleading order
and which has vanishing covariant derivative. The no-
go constraints (39) then reduce to the requirement that
a certain linear combination of derivatives of hµν must
vanish, which is problematic in the Newton limit. Typ-
ical backgrounds obeying the no-go constraints are thus
incompatible with known perturbative physics.
A comparatively simple example illustrating a few of
these features is given by the term L = kaµeµa, for which
the constraints (39) reduce to kaµe
µb − kbµeµa = 0 and
thus exclude an arbitrary explicit background kaµ. A
suitable nonperturbative kaµ can nonetheless yield a con-
dition determining χµa that provides consistency with
the no-go constraints. For example, demanding that
kaµ takes the form of a background vierbein yields an
equation for χµa analogous to a gauge condition [77].
Overall, the above discussions confirm that the no-go
constraints strongly restrict models with a generic back-
ground ka
b1···bn .
Note that the extension of Riemann geometry to in-
clude torsion and nonmetricity typically cannot satisfy
the no-go constraints either. If the torsion and non-
metricity are dynamical, then they are fully determined
by the equations of motion, and so no extra degrees of
freedom are available to insure compatibility of the ge-
ometry with the variational principle. The situation with
dynamical torsion is discussed in Ref. [2]. If instead the
torsion and nonmetricity are nondynamical, then they
are predetermined and hence can be interpreted as fixed
background fields. They therefore are also subject to no-
go constraints, and the same arguments apply. Consis-
tent solutions to the equations of motion typically are
nonperturbative and hence incompatible with existing
experiments.
The no-go constraints thus imply that a generic per-
turbative model with explicit violation of spacetime sym-
metries cannot be based on Riemann geometry or its ex-
tensions to include torsion and nonmetricity. Conceiv-
ably, such a model might be formulated instead within
the context of some other geometry, or it might even be a
nongeometric theory lacking a smooth manifold. Investi-
gations of these possibilities are of definite interest but lie
beyond our present scope. However, it must be possible
to approximate the infrared limit of any complete and
consistent realistic model using an effective field theory
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based on GR and the SM. The framework studied in this
work or its extension to include torsion and nonmetricity
includes all possible backgrounds in the Lagrange density,
so it suffices as a low-energy approximation of any com-
plete and realistic model. Although this approximation
may well violate the no-go constraints from Riemann ge-
ometry, the complete model must satisfy any correspond-
ing constraints arising from the underlying geometry.
One option for a geometry compatible with explicit
breaking is Finsler geometry, which can be viewed as a
generalization of Riemann geometry with the role of the
metric in determining geometric features supplemented
by other quantities prescribed on the manifold [101, 102].
With the latter quantities identified as explicit back-
ground fields, Finsler geometry has been conjectured as
a possible route to escape the no-go constraints in Rie-
mann geometry [2]. Investigating this conjecture in de-
tail is hampered by the lack of a satisfactory definition
for Lorentz-Finsler geometry, which is currently the sub-
ject of active research [103–116]. Support for the conjec-
ture includes the demonstration that the trajectory of a
fermion or scalar particle in the present of explicit back-
grounds corresponds to a geodesic in a Riemann-Finsler
space [103, 104, 117–120].
Figure 2 provides a pictorial representation of the dif-
ferent options for theories with backgrounds, omitting as
before the two classes SLLV-EDV and ELLV-SDV that
involve mixed backgrounds. Terms within the hexagon
are built on Riemann geometry. Each of the six triangles
in the hexagon corresponds to one of the six classes of
theories contained in the rows of Table IV. Theories in
the LLI-DI, SLLV-SDV, and LLI-SDV classes satisfy the
no-go constraints and are compatible with Riemann ge-
ometry. Theories in the LLI-EDV, ELLV-DI, and ELLV-
EDV classes listed in the last three rows of Table IV all
involve explicit violation and are depicted by shaded tri-
angles. When they incorporate only perturbative devia-
tions from GR coupled to the SM, these models typically
are inconsistent or incompatible with experiments. The-
ories with explicit violation that represent perturbative
deviations from GR coupled to the SM generically lie out-
side the hexagon, so they must be constructed from some
other geometry such as Finsler geometry or have a non-
geometrical basis. Attempting to express them in terms
of effective field theory based on Riemann geometry is an
approximation, and it typically implies incompatibilities
with the no-go constraints from Riemann geometry.
III. EFFECTIVE FIELD THEORY
In this section, we develop a methodology for the con-
struction of a realistic effective field theory involving
gravity and matter in the presence of arbitrary back-
grounds. This enables the explicit derivation of all de-
sired terms in the action, including ones in the pure-
gravity sector and those involving matter-gravity cou-
plings to gauge fields, fermions, and scalars. It also yields
FIG. 2. Pictorial classification of background terms.
the terms describing the dynamics of the background.
The methodology is initiated in Sec. III A, which de-
scribes the procedure for building dynamical operators
with appropriate spacetime and gauge properties. It is
convenient to separate the action (22) into four sectors,
S =
∫
d4x e(Lg + LA + Lψ + Lφ), (40)
where Lg contains pure-gravity terms and any back-
ground dynamics, LA describes gauge fields and their
gravity couplings, Lψ involves fermions including their
gravity and gauge couplings, and Lφ contains all terms
with scalars. The pure-gravity sector is addressed in Sec.
III B, along with the dynamics of the background. We
consider the matter-gravity sector in Sec. III C, starting
with the pure-gauge sector and then adding fermion and
scalar terms. For definiteness, we work in Sec. III C with
a Dirac fermion or complex scalar in a single represen-
tation of a gauge group. Applications involving more
general types of fermions and scalars in realistic scenar-
ios, including the construction of the effective field theory
based on GR coupled to the SM, are provided in Sec. IV.
Any single effective term in the Lagrange density L
takes the form of a contraction between a dynamical op-
erator O and a background k or its derivatives, as illus-
trated in Eq. (17). A specific operator O may be con-
tracted directly to one or more backgrounds k or their
derivatives, or may be contracted instead via combina-
tions of the vierbein, metric, and Levi-Civita tensor. It is
convenient to adopt a compact notation for these various
types of backgrounds and contractions, thereby simplify-
ing expressions in the Lagrange density. The idea is to in-
troduce a quantity k˘µ···ν···
a··· that is a linear combination
of all terms formed from background fields, vierbeins,
metrics, and the Levi-Civita tensor. Note that multi-
ple vierbein and metric factors may appear in a given
term, but at most one Levi-Civita factor is needed be-
cause products of the Levi-Civita tensor reduce to prod-
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k˘µ···ν···
a···, with any specific operatorOµ...ν...a... then pro-
duces a single expression in the Lagrange density L of
the form L ⊃ k˘µ...ν...a...(x) Oµ...ν...a...(x), which expands
into many individual terms of the form (17). Terms in-
volving contractions between dynamical operators and
derivatives of backgrounds can also be combined in this
way by using derivatives of k˘µ···ν···
a···.
As an example, consider the simplest case where k˘ has
no indices, so that the corresponding term L ⊃ k˘O in
the Lagrange density involves a dynamical operator O
without indices. We can expand the quantity k˘ to display
the component backgrounds,
k˘ = k + kµνgµν + kµνg
µν + kµ
aeµa + k
µaeµa + . . .
+kκλµνgκλgµν + . . .+ k
κλµνǫκλµν + . . . , (41)
which explicitly reveals the dependence on the gravita-
tional degrees of freedom and illustrates the compactness
of the expression k˘O. This expansion is also appropriate
for terms such as L ⊃ (Dµk˘)Oµ, which involve the con-
traction of a dynamical operator with the derivative of a
combination of backgrounds. As another example, con-
sider the case where k˘µ has a single contravariant space-
time index. A term L ⊃ k˘µOµ in the Lagrange density
can then be expanded using
k˘µ = kµ + kνg
µν + kaeµa + . . . . (42)
Similarly, the term L ⊃ k˘aOa involving a dynamical op-
erator with a local index can be expanded using
k˘a = ka + kµeµ
a + kµe
µa + . . . . (43)
Depending on the hypotheses of a specific theory, the
various backgrounds kµ...ν...
a...(x) combined in the above
expansions may be partially or wholly related to each
other. For instance, a given theory containing only a
single background kµ might nonetheless have a Lagrange
density with terms involving a two-index background kµν
formed as kµν ∝ kµkν . A given quantity k˘µ···ν···a··· may
therefore be nonlinear in the backgrounds kµ···ν···
a··· that
specify a particular theory. Since the mass dimensional-
ity of each kµ···ν···
a··· is determined by the operator struc-
ture of the Lagrange density, any nonlinear relationships
may also involve dimensionful factors that insure a defi-
nite mass dimensionality for k˘µ···ν···
a···.
Expressed using the above notation, the Lagrange den-
sity for the effective field theory can be used for sponta-
neous or explicit violation of spacetime symmetries, with
the various combinations of backgrounds kµ...ν...
a... con-
tained in the quantities k˘µ···ν···
a··· correspondingly un-
derstood to be spontaneous or explicit. For spontaneous
breaking, the backgrounds 〈k〉µ...ν...a... are understood to
come with concomitant dynamical fluctuations, as de-
scribed in Sec. II C. For explicit breaking, the back-
grounds kµ...ν...
a... are nondynamical, and typically the
underlying theory cannot be based on Riemann geometry
for reasons outlined in Sec. II F.
A. Dynamical operators
To construct terms in the Lagrange density L, we re-
quire a procedure to build suitable dynamical operators
Oµ...ν...a.... For effective field theory based on GR and
gauge theory, the terms must be independent of observer
general coordinate transformations and be locally gauge
invariant. In Minkowski spacetime, a procedure to con-
struct gauge-covariant operators has recently been devel-
oped, from which all gauge-invariant terms in the action
can be built [74]. In this subsection, we expand this pro-
cedure to construct gauge-covariant spacetime-tensor op-
erators, from which all terms with observer independence
and gauge invariance can be found.
For the gauge symmetry, consider first the scenario in
Minkowski spacetime with a Dirac fermion ψ in a rep-
resentation U of the gauge group [74]. Then, ψ → Uψ
under a gauge transformation, while the Dirac conjugate
transforms as ψ → ψU †. The gauge-covariant derivative
acting on ψ can be written asDµψ = ∂µψ−igAµψ, where
g is the gauge coupling and Aµ is the gauge field in the U
representation, and it transforms as Dµ → UDµU †. The
gauge field strength Fµν in the U representation is gen-
erated by the commutator [Dµ, Dν ] = −igFµν . By defi-
nition, an operator O formed from gauge fields is called
gauge covariant if O → UOU †. Given gauge-covariant
operators O and O′, two kinds of gauge-invariant opera-
tors can be constructed, tr(O) and (Oψ)ΓO′ψ, where Γ
represents the 16 matrices {1, iγ5, γµ, γ5γµ, σµν/2} span-
ning the spinor space. These gauge-invariant opera-
tors are the desired objects from which to build terms
in the Lagrange density for the effective field theory in
Minkowski spacetime. More details about this construc-
tion and its implications can be found in Sec. II of Ref.
[74].
To generalize this construction to curved spacetime,
we can work with spacetime-tensor fields and covariant
derivatives extended to include an appropriate connec-
tion. Relevant spacetime-tensor fields include the metric
gµν , the curvature tensor Rκλµν , the gauge field strength
Fµν , the spinor bilinears ψΓψ, scalars φ, and combina-
tions. For this purpose, the quantities γµ appearing in Γ
are now understood as γµ = eµaγ
a, where the Dirac ma-
trices γa are defined in the local frame. In combinations,
gauge-invariant operators are placed inside fermion bilin-
ears. All these spacetime-tensor operators are also gauge
covariant. The covariant derivative Dµ acting on ψ or on
DD · · ·Dψ can be expressed as
Dµ =
⋆
Dµ +
1
4ω
ab
µ σab − igAµ, (44)
where
⋆
Dµ is the usual covariant derivative of GR contain-
ing the partial derivative ∂µ and the appropriate connec-
tion term formed using Christoffel symbols, and where
ω abµ is the spin connection. For explicit derivations,
we adopt the conventions of Ref. [2]. Direct calculation
shows that any mixture of covariant derivatives and the
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spacetime-tensor operators also forms a gauge-covariant
spacetime-tensor operator.
Building the Lagrange density L using all possible
gauge-covariant spacetime-tensor operators would intro-
duce many redundancies due to relationships between
various mixtures of operators. It is therefore useful to
work instead with a standard basis set that has no or
controlled redundancies. The key result here is that any
mixture of g, R, F , Γ, and D can be written in the stan-
dard form
[(D(n1)R) · · · (D(nt)R)][(D(m1)F ) · · · (D(ms)F )]ΓD(l),
(45)
where all indices on spacetime-tensor fields are omitted
for simplicity. In this expression, we introduce the nota-
tion
D(n) ≡
1
n!
∑
Dα1Dα2 · · ·Dαn (46)
as a symmetric sum over the n indices. Note that explicit
factors of the metric tensor gµν can safely be disregarded
in the form (45), as gµν commutes with covariant deriva-
tives and all other operators.
To prove the result (45), we follow a path similar to
the proof of Eq. (2) in Ref. [74]. It suffices to consider the
case that the operator (45) acts on a Dirac fermion field
ψ, as other cases are both similar and simpler. Using the
product rule for covariant derivatives, any mixture of D,
R, F , and Γ can be expressed in block form as
O =
∑
(DD · · ·DR) · · · (DD · · ·DR)
×(DD · · ·DF ) · · · (DD · · ·DF )ΓDD · · ·D, (47)
where we use DΓ = 0, which follows from Eq. (5). It
therefore suffices to prove that operators of the form
Dα1Dα2 · · ·Dαn can be expressed as linear combinations
of the basis (45). This can be achieved by mathematical
induction. The case n = 1 follows directly from the defi-
nition of D(n). Suppose the proposition holds for n ≤ k.
Then, we can decompose Dα1Dα2 · · ·Dαk+1 using Young
tableaux,
1 2 ··· k ⊗ k+1 = 1 2 ··· k k+1 ⊕ 1 2 ··· k
k+1
. (48)
The first term on the right-hand side is of the form
D(k+1). The second term contains at least one commu-
tator of two covariant derivatives, as proved in Ref. [74].
Direct calculation shows that
[Dµ, Dν ] = [
⋆
Dµ,
⋆
Dν ] +
1
4 iRκλµνe
κaeλbσab − igFµν , (49)
where the commutator on the right-hand side generates a
combination of curvature tensors, so the commutator of
covariant derivatives yields factors of R, F , and Γ. The
remaining part of the second Young tableau (48) thus
contains at most k − 1 < k covariant derivatives. The
proposition therefore holds for n = k+1, concluding the
proof.
Next, we consider the linear independence of the op-
erators (45). Note first that the operators D(ni)R and
D(nj)R are linearly independent when ni 6= nj because
they have different mass dimensions. Since D(ni)R com-
mutes with D(nj)R, we can impose n1 ≤ · · · ≤ nt on
the basis (45). Similarly, D(ni)F and D(nj)F are linearly
independent when ni 6= nj , but they commute only for
abelian gauge field theory. In the abelian case, we can
therefore choose the linearly independent standard basis
as{
[(D(n1)R) · · · (D(nt)R)][(D(m1)F ) · · · (D(ms)F )]ΓD(l)
|n1 ≤ · · · ≤ nt,m1 ≤ · · · ≤ ms
}
. (50)
However, in a nonabelian gauge theory, we choose instead
the basis{
[(D(n1)R) · · · (D(nt)R)][(D(m1)F ) · · · (D(ms)F )]ΓD(l)
|n1 ≤ · · · ≤ nt
}
. (51)
This basis is linearly independent in some cases and is
almost linearly dependent in others, depending on the
structure of the gauge group [74].
In building a hermitian Lagrange density, it is useful
to have explicit expressions for the hermitian conjuga-
tions of the operators (45). Including fermions to form
bilinears, we find
[(D(m0)ψ)(D(m1)Fβ1γ1)· · ·(D(ms)Fβsγs)Γ(D(ms+1)ψ)]†
= (D(ms+1)ψ)(D(ms)Fβsγs)· · ·(D(m1)Fβ1γ1)Γ(D(m0)ψ).
(52)
Any pieces involving D(n)R can be omitted because they
are independently real and commute with all other oper-
ators. The result (52) takes the same form as Eq. (13) in
Ref. [74], but the covariant derivatives now include also
terms involving the spacetime and spin connections. The
proof of Eq. (52) follows the path given in Ref. [74].
B. Pure-gravity and background sector
With the construction of generic gauge-invariant
spacetime-tensor operators in hand, we can address spe-
cific sectors of the effective field theory in turn. In this
subsection, we consider operators involving pure-gravity
fields.
For the pure-gravity sector, it is convenient to distin-
guish terms in the Lagrange density Lg according to mass
dimension. We therefore write
Lg = 1
2κ
(Lg0+L(2)g +L(3)g +L(4)g +L(5)g +L(6)g +. . .), (53)
where 1/2κ ≡ 1/16πGN ≃ 3× 1036 GeV2 is the gravita-
tional coupling constant formed from the Newton grav-
itational constant GN . The term Lg0 = R − 2Λ is the
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TABLE V. Schematic structure of terms with d ≤ 6 in the Lagrange density Lg.
Component Expression
L
(2)
g k˘
L
(3)
g L
(3)
g,δ + k˘(Dk)
L
(4)
g k˘R + k˘(Dk)(Dk)
L
(5)
g k˘DR + L
(5)
g,δ + k˘(Dk)R + k˘(Dk)(Dk)(Dk) + k˘(Dk)(D(2)k)
L
(6)
g k˘RR + k˘D(2)R+ k˘(Dk)(Dk)R + k˘(D(2)k)R + k˘(Dk)(Dk)(Dk)(Dk) + k˘(Dk)(Dk)(D(2)k) + k˘(D(2)k)(D(2)k)
conventional Einstein-Hilbert expression with cosmologi-
cal constant, while the terms L(d)g represent contributions
to the effective field theory. Note that each individual
component L(d)g has mass dimension two, but by conven-
tion the superscript d represents the mass dimension of
the dynamical operator in L(d)g including the factor of
the gravitational coupling constant. For example, L(4)g
includes terms with the Riemann tensor as dynamical
operator, which in this convention is of mass dimension
two.
Table V displays all terms in L(d)g with d ≤ 6 in
schematic form. The first column lists each component
Lagrange density given in Eq. (53), while the second col-
umn specifies the corresponding operator structures that
can appear. In this schematic notation, each instance of
k can represent a distinct background even when occur-
ring in a single term, and the various quantities k˘ may
also be distinct. In each row, terms without background
derivatives Dk are listed first. All terms are invariant
under general coordinate transformations except for L(d)g,δ
with d = 3 or 5, which transform into a total derivative
and hence maintain invariance of the action rather than
the Lagrange density.
Throughout Table V, all indices and any numerical or
dimensionful factors are omitted for simplicity. In each
term, we can absorb into k˘ any metric, vierbein, or Levi-
Civita factors, so all indices on D(n)k and D(n)R can be
assumed distinct and contracted with indices on k˘. To
maintain hermiticity of the Lagrange density, all back-
grounds are taken to be real. The mass dimensionality of
a given background k or k˘ is fixed by the operator struc-
ture of the Lagrange density. As examples, the quantity
k˘ in L(2)g has mass dimension d = 2, while k˘ in the term
k˘R is dimensionless. The mass dimension of k may be
different in different theories, so for convenience and sim-
plicity we adopt the convention that the mass dimension
of k is disregarded in assigning a given term to a par-
ticular component L(d)g . For instance, the term k˘(Dk) is
assigned to L(3)g irrespective of the actual mass dimension
of k. The number of derivatives D is instead the relevant
factor in defining the mass dimension of terms involving
background derivatives.
Since the commutator of two covariant derivatives gen-
erates curvature factors, and since the product of two
backgrounds can schematically be viewed as a single
background, certain terms can be omitted from the ta-
ble without loss of generality. For example, the term
k˘[D,D]k is schematically equivalent to the term k˘R,
which itself is typically included in k˘(Dk)(Dk) up to
a surface term. The only exception arises when the
background is index free, with k˘R representing the term
k(x)gαγgβδRαβγδ.
More insight can be obtained from the explicit forms
of the components of the Lagrange density Lg. First,
consider terms without background derivatives Dk. The
curvature plays a central role in most of these terms.
Table VI displays the explicit form of all terms in Lg
for d ≤ 8. In this table, unlike others in this section, we
include operators with d = 7 and 8 because they are com-
paratively few in number and because certain d = 8 back-
grounds have recently been constrained by observational
data [60, 70]. Each row of the table lists a component
of Lg constructed from operators of a given mass dimen-
sion, followed by the explicit form of the corresponding
terms. In each term, the combination k˘ of backgrounds is
understood to be real and to inherit from the dynamical
operator the appropriate symmetry under permutation
of the indices. Most of the operators can be constructed
by inspection from Table V. The components L(d)g,δ with
d = 3 and 5 appearing in Table V, which are general
coordinate invariant only up to a surface term, are repre-
sented in Table VI by the three terms with backgrounds
(k˘
(3)
Γ )
µ, (k˘
(5)
CS,1)µ, and (k˘
(5)
CS,2)µ. The operators associated
with the latter two are Chern-Simons terms expressed
using the vierbein and spin connection. To preserve gen-
eral coordinate invariance of the action, these three back-
grounds must obey
Dµ(k˘
(3)
Γ )
µ = 0,
Dµ(k˘
(5)
CS,1)ν −Dν(k˘(5)CS,1)µ = 0,
Dµ(k˘
(5)
CS,2)ν −Dν(k˘(5)CS,2)µ = 0. (54)
The first equation implies ∂µ[(k˘
(3)
Γ )
µ/e] = 0 in any coor-
dinate frame. The second equation implies ∂µ(k˘
(5)
CS,1)ν −
∂ν(k˘
(5)
CS,1)µ = 0, so if the topology is trivial then we can
write (k˘
(5)
CS,1)µ = ∂µk for some scalar background k(x).
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TABLE VI. Terms with d ≤ 8 and without background derivatives in the Lagrange density Lg.
Component Expression
Lg0 R− 2Λ
L
(2)
g k˘
(2)
L
(3)
g (k˘
(3)
Γ )
µΓαµα
L
(4)
g (k˘
(4)
R )
αβγδRαβγδ
L
(5)
g (k˘
(5)
D )
αβγδκDκRαβγδ + (k˘
(5)
CS,1)κǫ
κλµνηacηbd(ω
ab
λ ∂µω
cd
ν +
2
3
ω abλ ω
ce
µ ω
d
νe )
+(k˘
(5)
CS,2)κǫ
κλµνǫabcd(ω
ab
λ ∂µω
cd
ν +
2
3
ω abλ ω
ce
µ ω
d
νe )
L
(6)
g (k˘
(6)
D )
αβγδκλD(κDλ)Rαβγδ + (k˘
(6)
R )
α1β1γ1δ1α2β2γ2δ2Rα1β1γ1δ1Rα2β2γ2δ2
L
(7)
g (k˘
(7)
D )
αβγδκλµD(κDλDµ)Rαβγδ + (k˘
(7)
DR)
α1β1γ1δ1α2β2γ2δ2κRα1β1γ1δ1DκRα2β2γ2δ2
L
(8)
g (k˘
(8)
D )
αβγδκλµνD(κDλDµDν)Rαβγδ + (k˘
(8)
DR,1)
α1β1γ1δ1α2β2γ2δ2κλRα1β1γ1δ1D(κDλ)Rα2β2γ2δ2
+(k˘
(8)
DR,2)
α1β1γ1δ1α2β2γ2δ2κλ(DκRα1β1γ1δ1)(DλRα2β2γ2δ2)
+(k˘
(8)
R )
α1β1γ1δ1α2β2γ2δ2α3β3γ3δ3Rα1β1γ1δ1Rα2β2γ2δ2Rα3β3γ3δ3
A similar result holds for the third equation.
Next, consider the terms in Table V involving one or
more factors of Dk that cannot be moved onto the dy-
namical operators via integration by parts. Since dif-
ferent backgrounds and hence distinct Dk factors can
appear in a given term, an explicit listing of all such
terms is impractical in the general case. We can, however,
gain useful insight about generic terms with background
derivatives Dk by considering ones constructed explicitly
using a one-index background because any given back-
ground kµ...ν...
a... can be expressed as a linear combi-
nation of products of backgrounds with only one index.
For example, a two-index background kµν can be viewed
as a linear combination of products of eight one-index
backgrounds as follows. Given kµν in a specific coordi-
nate system, we can define four one-index backgrounds
in these coordinates via (kµ)
ν ≡ kµν and another four
via (k′µ)
ν ≡ δµν . In the chosen coordinate system, it
then follows that kµν =
∑
λ(kλ)
ν(k′λ)
µ. Provided we
define the eight one-index backgrounds to transform as
4-vectors under general coordinate transformations, this
expression is a tensor expression and hence is valid in any
coordinate system, as required.
Taking advantage of this result, we can consider a sce-
nario involving a single one-index background kµ as an
example to gain insight. Table VII displays possible op-
erators of mass dimension d ≤ 6 involving derivatives of a
background kµ with one covariant spacetime index. The
first column lists L(d)k for different values of d, while the
second column displays the corresponding possible terms
involving Dµkν . As before, each combination k˘ of back-
grounds is taken as real and inherits the symmetry un-
der index permutation of the operator, and each operator
can be constructed using Table V as a guide. Following
the convention described above, the assigned value of the
mass dimension d of a particular term is definied for con-
TABLE VII. Terms with d ≤ 6 involving derivatives of a single
background kµ.
Component Expression
L
(3)
k (k˘
(3)
Dk)
κλ(Dκkλ)
L
(4)
k (k˘
(4)
Dk)
κλµν(Dκkλ)(Dµkν)
L
(5)
k (k˘
(5)
Dk)
κλµνρσ(Dκkλ)(Dµkν)(Dρkσ),
(k˘
(5)
DDk)
κλµνρ(Dκkλ)(D(µDν)kρ),
(k˘
(5)
DkR)
κλµνρσ(Dκkλ)Rµνρσ
L
(6)
k (k˘
(6)
Dk)
κλµνρστυ(Dκkλ)(Dµkν)(Dρkσ)(Dτkυ),
(k˘
(6)
DDk)
κλµνρστ (Dκkλ)(Dµkν)(D(ρDσ)kτ ),
(k˘
(6)
DDkDDk)
κλµνρσ(D(κDλ)kµ)(D(νDρ)kσ),
(k˘
(6)
DkR)
κλµνρστυ(Dκkλ)(Dµkν)Rρστυ,
(k˘
(6)
DDkR)
κλµνρστ (D(κDλ)kµ)Rνρστ
venience by the number of derivatives D involved. As a
result, the various combinations k˘(d) at given d may have
different mass dimensions and may incorporate different
powers of kµ. Notice also that the combinations k˘
(d) with
even numbers of indices cannot contain terms linear in
kµ. For example, the leading-order kµ-dependent term
in (k˘
(3)
Dk)
κλ is (k˘
(3)
Dk)
κλ ∝ kµkνgµκgνλ, which produces a
cubic coupling in kµ for the component L(3)k .
If the breaking is spontaneous, the type of index car-
ried by the background has no effect on the physics, as
discussed in Sec. II C. In this scenario, Table VII also
encompasses operators of mass dimension d ≤ 6 con-
structed from a single background kµ or ka, provided
each instance of kµ in the table is replaced with gµνk
ν or
eµak
a, respectively. However, if the breaking is explicit,
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TABLE VIII. Schematic structure of terms with d ≤ 6 in the gauge Lagrange density LA.
Component Expression
L
(1)
A L
(1)
A,δ
L
(3)
A L
(3)
A,δ + k˘(Dk)tr(F )
L
(4)
A k˘tr(FF ) + k˘tr(D(2)F ) + k˘Rtr(F ) + k˘(Dk)(Dk)tr(F ) + k˘(D(2)k)tr(F )
L
(5)
A k˘tr(FDF ) + k˘tr(D(3)F ) + k˘Rtr(DF ) + k˘(DR)tr(F )
+k˘(Dk)Rtr(F ) + k˘(Dk)(Dk)(Dk)tr(F ) + k˘(Dk)(D(2)k)tr(F ) + k˘(D(3)k)tr(F )
L
(6)
A k˘tr(FD(2)F ) + k˘tr
(
(DF )(DF )
)
+ k˘tr(D(4)F ) + [k˘tr(FFF ) + h.c.]
+k˘Rtr(FF ) + k˘Rtr(D(2)F ) + k˘(D(2)R)tr(F ) + k˘(DR)tr(DF ) + k˘RRtr(F )
+k˘(Dk)tr(FDF ) + k˘(Dk)(Dk)tr(FF ) + k˘(D(2)k)tr(FF ) + k˘(D(4)k)tr(F )
+k˘(Dk)(Dk)(Dk)(Dk)tr(F ) + k˘(Dk)(Dk)(D(2)k)tr(F ) + k˘(D(2)k)(D(2)k)tr(F ) + k˘(Dk)(D(3)k)tr(F )
+k˘(Dk)(DR)tr(F ) + k˘(Dk)(Dk)Rtr(F ) + k˘(D(2)k)Rtr(F )
then each of the three types of single-index background
kµ, k
µ, and ka can lead to different physics. If all three
are present, then we can write
L(3)k = (k˘(3)Dk,1)µνDµkν+(k˘(3)Dk,2)µνDµkν+(k˘(3)Dk,3)µaDµka,
(55)
with distinct combinations k˘ for each term.
Taken together, the results in this subsection provide
the explicit form of all terms at d ≤ 6 in the expansion
(57) of Ref. [2] in the zero-torsion limit. Our construction
covers both the pure-gravity sector and any background
dynamics, allowing for either spontaneous or explicit vi-
olations of spacetime symmetries. It opens the way to
broadening theoretical explorations of many issues in-
cluding, for example, the t puzzle [10, 50], the relevance
of spontaneous violation [121], and the influence of grav-
itational effects on the matter sector [122]. It also has
potential applications to the numerous ongoing experi-
mental searches for backgrounds.
C. Matter sector
Next, we turn attention to the matter sector, includ-
ing pure matter, matter-gravity, and matter-background
terms. It is convenient to separate the discussion ac-
cording to the type of matter involved. In what follows,
we first consider the inclusion of gauge fields, then Dirac
spinors, and finally complex scalar fields.
1. Gauge fields
In the gauge sector, we consider for definiteness a La-
grange density LA determining the behavior of a gauge
field Aµ with gauge field strength Fµν in the U represen-
tation of the gauge group. This follows the setup adopted
in Sec. II of Ref. [74] and summarized in Sec. III A above.
Couplings of Aµ to gravity and backgrounds are included
in this sector. It is convenient to split LA into pieces
according to the mass dimension d of the dynamical op-
erator,
LA = LA0 +L(1)A +L(2)A +L(3)A +L(4)A +L(5)A + . . . . (56)
The first piece LA0 = tr(FµνFµν)/2 is the usual Yang-
Mills term in curved spacetime expressed with a trace
taken in the gauge space. On each of the other pieces,
the superscript indicates the value of d.
Table VIII lists the schematic form of all terms in L(d)A
with mass dimension d ≤ 6. The first entry in each row
shows a component of LA with fixed d, while the sec-
ond entry lists the schematic forms of the correspond-
ing operators. In this notation, each occurrence of k in
a given term can represent a distinct background, and
the combinations k˘ appearing in different terms can also
be distinct. Terms in the pure gauge sector are shown
first, followed by terms with gauge-curvature couplings,
and then by terms with background derivatives Dk. All
terms in the Lagrange density are invariant under gauge
transformations except L(d)A,δ with d = 1 and 3, which
become total derivatives and thus leave the action in-
variant instead. The table omits all indices and factors,
and all backgrounds can be taken as real except for the
one involving the operator tr(FFF ). Note that the com-
ponents L(d)A have mass dimension four, unlike the com-
ponents L(d)g in Eq. (53). Other properties of the back-
grounds k and the combinations k˘ follow those described
for Table V.
The explicit form of terms in LA without background
derivatives are displayed in Table IX for d ≤ 6. The
structure of the table follows that of Table VIII, and
the various expressions can be derived using the latter as
a guide. Each combination k˘ appearing in Table IX is
understood to have index symmetry determined by the
index structure of the corresponding dynamical operator.
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TABLE IX. Terms with d ≤ 6 and without background derivatives in the gauge Lagrange density LA.
Component Expression
LA0 −
1
2
tr(FµνF
µν)
L
(1)
A −(k˘
(1))µtr(Aµ)
L
(3)
A (k˘
(3)
CS)κǫ
κλµνtr(AλFµν +
2
3
igAλAµAν) + (k˘
(3)
DF )
αµνtr(DαFµν)
L
(4)
A −
1
2
(k˘
(4)
F )
κλµνtr(FκλFµν)− (k˘
(4)
DF )
αβµνtr(D(αDβ)Fµν)− (k˘
(4)
RF )
αβγδµνRαβγδtr(Fµν)
L
(5)
A
1
2
(k˘
(5)
D )
ακλµνtr(FκλDαFµν) + (k˘
(5)
DF )
αβγµνtr(D(αDβDγ)Fµν)
+(k˘
(5)
RDF )
αβγδǫµνRαβγδtr(DǫFµν) + (k˘
(5)
DRF )
αβγδǫµν(DǫRαβγδ)tr(Fµν)
L
(6)
A −
1
2
(k˘
(6)
D )
αβκλµνtr(FκλD(αDβ)Fµν)−
1
2
(k˘
(6)
DFDF )
αβκλµνtr
(
(DαFκλ)(DβFµν)
)
−(k˘
(6)
DF )
αβγδµνtr(D(αDβDγDδ)Fµν)−
1
12
[(k˘
(6)
F )
κλµνρσtr(FκλFµνFρσ) + h.c.]
− 1
2
(k˘
(6)
RFF )
αβγδκλµνRαβγδtr(FκλFµν)− (k˘
(6)
RDDF )
αβγδǫζµνRαβγδtr(D(ǫDζ)Fµν)
−(k˘
(6)
DDRF )
αβγδǫζµν (D(ǫDζ)Rαβγδ)tr(Fµν)− (k˘
(6)
DRDF )
αβγδǫζµν(DǫRαβγδ)tr(DζFµν)
−(k˘
(6)
RRF )
α1β1γ1δ1α2β2γ2δ2µνRα1β1γ1δ1Rα2β2γ2δ2tr(Fµν)
All combinations k˘ are real except for the one controlling
the dynamical operator tr(FκλFµνFρσ). The terms L(1)A,δ
and L(3)A,δ in Table VIII are explicitly given in Table IX as
the terms with backgrounds (k˘(1))µ and (k˘
(3)
CS)κ, with the
latter governing the nonabelian Chern-Simons operator.
To maintain gauge symmetry, these backgrounds must
satisfy the conditions
Dµ(k˘
(1))µ = 0,
Dµ(k˘
(3)
CS)ν −Dν(k˘(3)CS)µ = 0. (57)
The first of these expressions implies ∂µ[(k˘
(1))µ/e] = 0,
while the second implies ∂µ(k˘
(3)
CS)µ−∂ν(k˘(3)CS)ν = 0. If the
topology is trivial, a scalar background field k(x) can be
found such that (k˘
(3)
CS)µ = ∂µk, in which case its contri-
bution to L(3)A is equivalent under partial integration to a
d = 4 term kǫκλµνFκλFµν . If the topology is nontrivial,
however, the Chern-Simons contribution to L(3)A can pro-
duce independent physical effects. Note that the putative
d = 2 term k˘µνtr(Fµν) = k˘
µνtr(∂µAν − ∂νAµ) involves a
combination of partial derivatives of Aµ, so it is included
in L(1)A up to a surface term. We also omit terms such as
(trF )(tr(· · ·F )) because these terms either vanish if the
gauge group is SU(N) or are incorporated in terms like
tr(F · · ·F ) if the gauge group is U(1), but their inclusion
may be appropriate for other gauge groups.
2. Fermions
Consider next the fermion sector, including couplings
to gravity and to gauge fields. For definiteness, we adopt
the scenario described in Sec. II of Ref. [74] and outlined
in Sec. III A above, with a Dirac fermion ψ of mass mψ
lying in the U representation of the gauge group. The
Lagrange density Lψ can be split into components con-
taining dynamical operators with definite mass dimen-
sion d,
Lψ = Lψ0 + L(3)ψ + L(4)ψ + L(5)ψ + L(6)ψ + . . . . (58)
The term Lψ0 is the usual Dirac Lagrange density Lψ0 =
ψ(eµaγ
aiDµ − mψ)ψ/2 + h.c., which includes minimal
couplings to gravity and to the nonabelian field. All com-
ponents L(d)ψ have overall mass dimension four, with the
superscript d indicating the mass dimension of the asso-
ciated dynamical operator.
Table X provides the schematic structure of terms in
L(d)ψ of mass dimension d ≤ 6. The first column lists the
components of Lψ , while the second column displays the
corresponding operators. In this schematic context, the
backgrounds k or combinations k˘ can all be distinct, even
within a single term. In a given row, terms involving
fermions and covariant derivatives are listed first, then
ones involving curvature couplings and gauge couplings,
and finally ones with background derivatives Dk. All
indices and constants are omitted for simplicity, and all
structures involving hermitian combinations of Dirac ma-
trices are represented by Γ. The factor h.c. appearing at
the end of most expressions for a given component L(d)ψ
represents the addition of the hermitian conjugate of all
terms explicitly written for that component. In princi-
ple, any background k or combination k˘ can be taken as
complex, but its imaginary part is contained up to surface
terms in the real parts of other backgrounds. For exam-
ple, the imaginary part of k˘ in k˘ψΓiDψ is contained in
the real part of k˘(Dk)ψΓψ, and the imaginary part of k˘
in k˘RψΓiDψ is contained in the real parts of k˘(DR)ψΓψ
and k˘(Dk)RψΓψ. To avoid redundancy, all background
fields in this schematic notation can therefore be taken
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TABLE X. Schematic structure of terms with d ≤ 6 in the fermion Lagrange density Lψ.
Component Expression
L
(3)
ψ k˘ψΓψ
L
(4)
ψ k˘ψΓiDψ + k˘(Dk)ψΓψ + h.c.
L
(5)
ψ k˘ψΓi
2D(2)ψ + k˘ψΓFψ + k˘RψΓψ + k˘(Dk)ψΓiDψ + k˘(Dk)(Dk)ψΓψ + k˘(D(2)k)ψΓψ + h.c.
L
(6)
ψ k˘ψΓi
3D(3)ψ + k˘RψΓiDψ + k˘(DR)ψΓψ + k˘ψΓFiDψ + k˘ψΓ(DF )ψ + k˘(ψΓψ)(ψΓψ)
+k˘(Dk)ψΓi2D(2)ψ + k˘(Dk)RψΓψ + k˘(Dk)ψΓFψ + k˘(D(2)k)ψΓiDψ + k˘(Dk)(Dk)ψΓiDψ
+k˘(Dk)(D(2)k)ψΓψ + k˘(Dk)(Dk)(Dk)ψΓψ + k˘(D(3)k)ψΓψ + h.c.
as real. Further properties of the backgrounds k and the
combinations k˘ discussed for Table V also hold here.
To offer more insight into the content of Lψ , we provide
in Table XI the explicit form of all terms in Lψ with op-
erators of mass dimension d ≤ 6 and without background
derivatives, omitting total-derivative terms. The struc-
ture of this table matches that of Table X. The notation
for the combinations k˘ appearing in this table is chosen to
match standard conventions in the literature, with differ-
ent symbols distinguishing the spin and CPT properties
of the various dynamical operators as usual. All back-
grounds can be taken real. The index symmetry of each
background k˘ is understood to match the index symme-
try of the associated dynamical operator. The position
of the indices is also chosen to match conventions in the
literature. In particular, the notation in L(3)ψ and L(4)ψD in-
volves covariant indices on the backgrounds in agreement
with Ref. [2] and reducing in Minkowski spacetime to Ref.
[81], while the usage of contravariant background indices
in L(d) with d ≥ 5 is compatible with that in published
works discussing the nonminimal fermion sector, such as
Refs. [74, 123].
The reader is reminded that for spontaneous breaking
the index position on the background has no effect on
the physics, as discussed in Sec. II C, while for explicit
breaking the choice of index position establishes a defini-
tion of the corresponding physical effects. For example,
in explicit breaking the physical effects of the two back-
grounds bµ and b
′µ can be different, with these two possi-
bilities contained among others in b˘µ as bµ and gµνb
′ν . To
achieve an unambiguous statement, experiments measur-
ing a given background component must therefore report
results on the background using a specific convention. A
separate confusion can arise because raising or lowering
indices on a given background component can introduce
spurious signs and coordinate dependences. This issue
exists already in Minkowski spacetime but can be par-
ticularly acute in gravitational experiments. It could, for
example, be problematic to report results for an quantity
kµ defined as kµ ≡ gµνbν using data from an experiment
sensitive to a background bµ, given that g
µν itself is a
nontrivial object.
For any d, the structure of the couplings involving
gravity, gauge, and fermion fields can be written in
schematic form as
L′ ⊃ k˘(Dk) · · · (Dk)(DR) · · · (DR)
×(tr[(DF ) · · · (DF )]) · · · (tr[(DF ) · · · (DF )])
×[(Dψ)(DF ) · · · (DF )Γ(Dψ)] · · ·
× · · · [(Dψ)(DF ) · · · (DF )Γ(Dψ)] + h.c., (59)
where D here denotes any symmetric combination of
derivatives. Inspection reveals that the only terms of
this form absent from Table XI involve the operators
tr(F )ψΓψ, tr(F )ψΓiDψ, and tr(DF )ψΓψ. These van-
ish for gauge groups with traceless adjoint generators,
including SU(N), but they reduce to terms in Table XI
if the gauge group is abelian. Otherwise, the operators
of lowest mass dimension that involve traces of powers
of F take the schematic form tr(FF )ψΓψ, which have
d = 7. Although this value of d lies outside the range of
Table XI, the unique structure of these terms may be of
interest for theoretical and experimental studies.
3. Scalars
In the scalar sector, we consider first a scenario with
a scalar field φ lying in any representation of the gauge
group. Depending on the model of interest and the gauge
group involved, the representation may be complex, real,
or pseudoreal, and it may be different from the represen-
tations of the fermion and gauge fields. The Lagrange
density Lφ involves all couplings of φ, including to grav-
ity, gauge, and fermion fields as well as self couplings. It
can be decomposed into a sum of pieces,
Lφ = Lφ0 + L(2)φ + L(3)φ + L(4)φ + L(5)φ + L(6)φ + . . . , (60)
where Lφ0 is a conventional renormalizable Lagrange
density for φ that is invariant under gauge transfor-
mations, local Lorentz transformations, and diffeomor-
phisms. Typically, Lφ0 incorporates a kinetic term
quadratic in the covariant derivative of φ along with a po-
tential term involving a globally stable polynomial in φ.
According to its sign, the term quadratic in φ may repre-
sent a scalar mass or may trigger spontaneous breaking
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TABLE XI. Terms with d ≤ 6 and without background derivatives in the fermion Lagrange density Lψ.
Component Expression
Lψ0
1
2
ψ(eµaγ
aiDµ −mψ)ψ + h.c.
L
(3)
ψ −m˘
′ψψ − im˘5ψγ5ψ − a˘κe
κ
aψγ
aψ − b˘κe
κ
aψγ5γ
aψ − 1
2
H˘κλe
κ
ae
λ
bψσ
abψ
L
(4)
ψD −
1
2
c˘κµe
κ
ae
µ
be
νbψγaiDνψ −
1
2
d˘κµe
κ
ae
µ
be
νbψγ5γ
aiDνψ
− 1
2
e˘µe
µ
be
νbψiDνψ −
1
2
if˘µe
µ
be
νbψγ5iDµψ −
1
4
g˘κλµe
κ
ae
λ
be
µ
be
νbψσabiDνψ + h.c.
L
(5)
ψD −
1
2
(m˘(5))µνψiD(µiDν)ψ −
1
2
i(m˘
(5)
5 )
µνψγ5iD(µiDν)ψ
+ 1
2
(a˘(5))κµνeκaψγ
aiD(µiDν)ψ +
1
2
(b˘(5))κµνeκaψγ5γ
aiD(µiDν)ψ
− 1
4
(H˘(5))κλµνeκaeλbψσ
abiD(µiDν)ψ + h.c.
L
(5)
ψR −(m˘
(5)
R )
µνρσRµνρσψψ − i(m˘
(5)
5R)
µνρσRµνρσψγ5ψ
−(a˘
(5)
R )
κµνρσeκaRµνρσψγ
aψ − (b˘
(5)
R )
κµνρσeκaRµνρσψγ5γ
aψ − 1
2
(H˘
(5)
R )
κλµνρσeκaeλbRµνρσψσ
abψ
L
(5)
ψF −
1
2
(m˘
(5)
F )
µνψFµνψ −
1
2
i(m˘
(5)
5F )
µνψγ5Fµνψ
+ 1
2
(a˘
(5)
F )
κµνeκaψγ
aFµνψ +
1
2
(b˘
(5)
F )
κµνeκaψγ5γ
aFµνψ −
1
4
(H˘
(5)
F )
κλµνeκaeλbψσ
abFµνψ
L
(6)
ψD −
1
2
(c˘(6))κµνρeκaψγ
aiD(µiDν iDρ)ψ −
1
2
(d˘(6))κµνρeκaψγ5γ
aiD(µiDν iDρ)ψ
+ 1
2
(e˘(6))µνρψiD(µiDν iDρ)ψ +
1
2
i(f˘ (6))µνρψγ5iD(µiDν iDρ)ψ
+ 1
4
(g˘(6))κλµνρeκaeλbψσ
abiD(µiDν iDρ)ψ + h.c.
L
(6)
ψR −
1
2
(c˘
(6)
R )
κµνρστeκaRνρστψγ
aiDµψ −
1
2
(d˘
(6)
R )
κµνρστeκaRνρστψγ5γ
aiDµψ
− 1
2
(e˘
(6)
R )
µνρστRνρστψiDµψ −
1
2
i(f˘
(6)
R )
µνρστRνρστψγ5iDµψ
− 1
4
(g˘
(6)
R )
κλµνρστeκaeλbRνρστψσ
abiDµψ + h.c.
L
(6)
ψDR −(m˘
(6)
DR)
µνρστ (DµRνρστ )ψψ − i(m˘
(6)
5DR)
µνρστ (DµRνρστ )ψγ5ψ
−(a˘
(6)
DR)
κµνρστeκa(DµRνρστ )ψγ
aψ − (b˘
(6)
DR)
κµνρστeκa(DµRνρστ )ψγ5γ
aψ
− 1
2
(H˘
(6)
DR)
κλµνρστeκaeλb(DµRνρστ )ψσ
abψ
L
(6)
ψF −
1
4
(c˘
(6)
F )
κµνρeκaψγ
aFνρiDµψ −
1
4
(d˘
(6)
F )
κµνρeκaψγ5γ
aFνρiDµψ
+ 1
4
(e˘
(6)
F )
µνρψFνρiDµψ +
1
4
i(f˘
(6)
F )
µνρψγ5FνρiDµψ +
1
8
(g˘
(6)
F )
κλµνρeκaeλbψσ
abFνρiDµψ + h.c.
L
(6)
ψDF −
1
2
(m˘
(6)
DF )
µνρψ(DµFνρ)ψ −
1
2
i(m˘
(6)
5DF )
µνρψγ5(DµFνρ)ψ
+ 1
2
(a˘
(6)
DF )
κµνρeκaψγ
a(DµFνρ)ψ +
1
2
(b˘
(6)
DF )
κµνρeκaψγ5γ
a(DµFνρ)ψ
− 1
4
(H˘
(6)
DF )
κλµνρeκaeλbψσ
ab(DµFνρ)ψ
L
(6)
ψψ k˘SS(ψψ)(ψψ)− k˘PP (ψγ5ψ)(ψγ5ψ) + ik˘SP (ψψ)(ψγ5ψ)
−(k˘SV )
κeκa(ψψ)(ψγ
aψ)− (k˘SA)
κeκa(ψψ)(ψγ5γ
aψ) + 1
2
(k˘ST )
κλeκaeλb(ψψ)(ψσ
abψ)
−i(k˘PV )
κeκa(ψγ5ψ)(ψγ
aψ)− i(k˘PA)
κeκa(ψγ5ψ)(ψγ5γ
aψ) + 1
2
i(k˘PT )
κλeκaeλb(ψγ5ψ)(ψσ
abψ)
+ 1
2
(k˘V V )
κλeκaeλb(ψγ
aψ)(ψγbψ) + 1
2
(k˘AA)
κλeκaeλb(ψγ5γ
aψ)(ψγ5γ
bψ)
− 1
2
(k˘V T )
κλµeκaeλbeµc(ψγ
aψ)(ψσbcψ)− 1
2
(k˘AT )
κλµeκaeλbeµc(ψγ5γ
aψ)(ψσbcψ)
+(k˘VA)
κλeκaeλb(ψγ
aψ)(ψγ5γ
bψ) + 1
8
(k˘TT )
κλµνeκaeλbeµceνd(ψσ
abψ)(ψσcdψ)
of the gauge symmetry. Where compatible with gauge
invariance, Lφ0 also includes conventional couplings to
other sectors. The components L(d)φ have overall mass
dimension four, and they represent corrections in the ef-
fective field theory involving dynamical operators of mass
dimension d.
In constructing possible contributions to the terms L(d)φ
in the effective field theory, we seek gauge-invariant oper-
ators that are polynomials in φ and in covariant deriva-
tives of φ. Any given scalar operator of this type can
be characterized by its mass dimension d and assigned
to a corresponding set V (d). For instance, V (1) contains
the operator φ and any independent conjugates, V (2) con-
tains φφ, Dµφ, and various conjugates, and V
(3) contains
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TABLE XII. Schematic structure of terms with d ≤ 6 in the scalar Lagrange density Lφ.
Component Expression
L
(2)
φ k˘V
(2) + k˘(Dk)V (1)
L
(3)
φ k˘V
(3) + k˘RV (1) + k˘FV (1) + k˘(Dk)V (2) + k˘(Dk)(Dk)V (1) + k˘(D(2)k)V
(1)
L
(4)
φ k˘V
(4) + k˘RV (2) + k˘FV (2) + k˘(DR)V (1) + k˘(DF )V (1) + k˘(Dk)V (3) + k˘(Dk)RV (1) + k˘(Dk)FV (1)
+k˘(Dk)(Dk)V (2) + k˘(D(2)k)V
(2) + k˘(Dk)(Dk)(Dk)V (1) + k˘(Dk)(D(2)k)V
(1) + k˘(D(3)k)V
(1)
L
(5)
φ k˘V
(5) + k˘RV (3) + k˘FV (3) + k˘(DR)V (2) + k˘(DF )V (2) + k˘(ψΓψ)V (2) + k˘(D(2)R)V
(1) + k˘(D(2)F )V
(1)
+k˘RRV (1) + k˘FFV (1) + k˘RFV (1) + k˘[(ψΓDψ)V (1) + h.c.] + k˘(Dk)V (4) + k˘(Dk)RV (2)
+k˘(Dk)FV (2) + k˘(Dk)(DR)V (1) + k˘(Dk)(DF )V (1) + k˘(Dk)(Dk)V (3) + k˘(Dk)(Dk)RV (1)
+k˘(Dk)(Dk)FV (1) + k˘(D(2)k)V
(3) + k˘(D(2)k)RV
(1) + k˘(D(2)k)FV
(1) + k˘(Dk)(Dk)(Dk)V (2)
+k˘(Dk)(D(2)k)V
(2) + k˘(D(3)k)V
(2) + k˘(Dk)(Dk)(Dk)(Dk)V (1) + k˘(Dk)(Dk)(D(2)k)V
(1)
+k˘(D(2)k)(D(2)k)V
(1) + k˘(Dk)(D(3)k)V
(1) + k˘(D(4)k)V
(1)
L
(6)
φ k˘V
(6) + k˘RV (4) + k˘FV (4) + k˘(DR)V (3) + k˘(DF )V (3) + k˘(ψΓψ)V (3) + k˘(D(2)R)V
(2) + k˘(D(2)F )V
(2)
+k˘RRV (2) + k˘FFV (2) + k˘RFV (2) + k˘[(ψΓDψ)V (2) + h.c.] + k˘(D(3)R)V
(1) + k˘(D(3)F )V
(1)
+k˘R(D(1)R)V
(1) + k˘F (D(1)R)V
(1) + k˘F (D(1)F )V
(1) + k˘R(D(1)F )V
(1) + k˘R(ψΓψ)V (1) + k˘F (ψΓψ)V (1)
+k˘[(ψΓD(2)ψ)V
(1) + h.c.] + k˘(DψΓDψ)V (1) + k˘(Dk)V (5) + k˘(Dk)RV (3) + k˘(Dk)FV (3)
+k˘(Dk)(DR)V (2) + k˘(Dk)(DF )V (2) + k˘(Dk)(ψΓψ)V (2) + k˘(Dk)(D(2)R)V
(1) + k˘(Dk)(D(2)F )V
(1)
+k˘(Dk)RRV (1) + k˘(Dk)FFV (1) + k˘(Dk)RFV (1) + k˘(Dk)[(ψΓDψ)V (1) + h.c.] + k˘(Dk)(Dk)V (4)
+k˘(Dk)(Dk)RV (2) + k˘(Dk)(Dk)FV (2) + k˘(Dk)(Dk)(DR)V (1) + k˘(Dk)(Dk)(DF )V (1) + k˘(D(2)k)V
(4)
+k˘(D(2)k)RV
(2) + k˘(D(2)k)FV
(2) + k˘(D(2)k)(DR)V
(1) + k˘(D(2)k)(DF )V
(1) + k˘(Dk)(Dk)(Dk)V (3)
+k˘(Dk)(Dk)(Dk)RV (1) + k˘(Dk)(Dk)(Dk)FV (1) + k˘(Dk)(D(2)k)V
(3) + k˘(Dk)(D(2)k)RV
(1)
+k˘(Dk)(D(2)k)FV
(1) + k˘(D(3)k)V
(3) + k˘(D(3)k)RV
(1) + k˘(D(3)k)FV
(1) + k˘(Dk)(Dk)(Dk)(Dk)V (2)
+k˘(Dk)(Dk)(D(2)k)V
(2) + k˘(D(2)k)(D(2)k)V
(2) + k˘(Dk)(D(3)k)V
(2) + k˘(D(4)k)V
(2)
+k˘(Dk)(Dk)(Dk)(Dk)(Dk)V (1) + k˘(Dk)(Dk)(Dk)(D(2)k)V
(1) + k˘(Dk)(Dk)(D(3)k)V
(1)
+k˘(Dk)(D(2)k)(D(2)k)V
(1) + k˘(Dk)(D(4)k)V
(1) + k˘(D(2)k)(D(3)k)V
(1) + k˘(D(5)k)V
(1)
φφφ, φDµφ, DµDνφ, and various conjugates. Note that
any given operator in the set V (d) may carry up to d− 1
spacetime indices. The properties of operators quadratic
in φ at any d are studied in Ref. [104].
Table XII displays the terms in L(d)φ with d ≤ 6 in
schematic form. For each L(d)φ with given d shown in the
first column, the possible corresponding operator struc-
tures are presented in the second column. In this nota-
tion, a factor V (d) represents any element of the associ-
ated set of scalar operators, so an expression containing
V (d) is a compact description of several distinct terms.
Operators without background derivatives are listed first,
with pure-scalar terms preceding ones containing grav-
ity, gauge, and fermion couplings. These are followed
by operators involving increasing numbers of background
derivatives Dk. Indices and all numerical or dimensional
factors are omitted, and any appearance of a hermitian
combination of Dirac matrices is represented by Γ. A
few terms appear with hermitian conjugates, which are
denoted by h.c. in the table. All appearances of the
backgrounds k and combinations k˘ can be distinct, even
within a single term, and the backgrounds are assumed
real. Since all terms are required to be gauge invariant,
the choice of representation for φ restricts the appear-
ance of some operator structures. For example, the term
k˘(Dk)V (1) in L(2)φ is gauge invariant only when the scalar
is in the singlet representation.
To offer further insight, the explicit terms with d ≤ 6 in
the Lagrange density for a special model are provided in
Table XIII. For simplicity and definiteness, the complex
scalar φ in this model is assumed to be in the same U
representation of the gauge group as the fermion field and
the gauge field strength, only terms invariant by virtue of
the combination U †U = I are listed, and total-derivative
terms are omitted. This excludes, for instance, singlet
terms arising from products of U representations that
are specific to a particular gauge group. For example,
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TABLE XIII. Terms with d ≤ 6 and without background derivatives in the scalar Lagrange density Lφ.
Component Expression
Lφ0 −(Dµφ)
†Dµφ± µ2φ†φ− 1
6
λ(φ†φ)2
L
(2)
φ k˘
(2)φ†φ
L
(3)
φ −
1
2
(k˘(3))µφ†iDµφ+ h.c.
L
(4)
φ [
1
2
(k˘(4))µνφ†iD(µiDν)φ+ h.c.]− (k˘
(4)
Rφ)
µνρσRµνρσφ
†φ− 1
2
(k˘
(4)
Fφ)
µνφ†Fµνφ−
1
6
k˘
(4)
φφ (φ
†φ)2
L
(5)
φ [−
1
2
(k˘(5))µνρφ†iD(µiDν iDρ)φ+
1
2
(k˘
(5)
RDφ)
µνρστRνρστφ
†iDµφ+
1
4
(k˘
(5)
FDφ)
µνρφ†FνρiDµφ
+ 1
2
(k˘
(5)
φDφ)
µ(φ†φ)(φ†iDµφ) + h.c.] +
1
2
(k˘
(5)
DRφ)
µνρστ (DµRνρστ )φ
†φ+ 1
2
(k˘
(5)
DFφ)
µνρφ†(DµFνρ)φ
+k˘
(5)
Sφ(ψψ)(φ
†φ) + ik˘
(5)
Pφ(ψγ5ψ)(φ
†φ) + (k˘
(5)
V φ)
κeκa(ψγ
aψ)(φ†φ) + (k˘
(5)
Aφ)
κeκa(ψγ5γ
aψ)(φ†φ)
+ 1
2
(k˘
(5)
Tφ)
κλeκaeλb(ψσ
abψ)(φ†φ)
L
(6)
φ [
1
2
(k˘(6))µνρσφ†iD(µiDν iDρiDσ)φ+
1
2
(k˘
(6)
RDDφ)
µνρστυRρστυφ
†iD(µiDν)φ+
1
4
(k˘
(6)
FDDφ)
µνρσφ†FρσiD(µiDν)φ
+ 1
2
(k˘
(6)
DRDφ)
µνρστυ(DνRρστυ)φ
†iDµφ+
1
4
(k˘
(6)
DFDφ)
µνρσφ†(DνFρσ)iDµφ+
1
2
(k˘
(6)
φDDφ)
µν(φ†φ)(φ†iD(µiDν)φ)
+ 1
2
(k˘
(6)
DφDφ)
µν(φ†iDµφ)(φ
†iDνφ) +
1
2
(k˘
(6)
Dφ†Dφ
)µν
(
(iDµφ)
†φ
)
(φ†iDνφ) +
1
2
(k˘
(6)
SDφ)
µ(ψψ)(φ†iDµφ)
+ 1
2
i(k˘
(6)
PDφ)
µ(ψγ5ψ)(φ†iDµφ) +
1
2
(k˘
(6)
VDφ)
κµeκa(ψγ
aψ)(φ†iDµφ) +
1
2
(k˘
(6)
ADφ)
κµeκa(ψγ5γ
aψ)(φ†iDµφ)
+ 1
4
(k˘
(6)
TDφ)
κλµeκaeλb(ψσ
abψ)(φ†iDµφ) +
1
2
(k˘
(6)
DSφ)
µ(ψiDµψ)(φ
†φ) + 1
2
i(k˘
(6)
DPφ)
µ(ψγ5iDµψ)(φ
†φ)
+ 1
2
(k˘
(6)
DVφ)
κµeκa(ψγ
aiDµψ)(φ
†φ) + 1
2
(k˘
(6)
DAφ)
κµeκa(ψγ5γ
aiDµψ)(φ
†φ)
+ 1
4
(k˘
(6)
DTφ)
κλµeκaeλb(ψσ
abiDµψ)(φ
†φ) + h.c.] + (k˘
(6)
DDRφ)
µνρστυ(D(µDν)Rρστυ)φ
†φ
+ 1
2
(k˘
(6)
DDFφ)
µνρσφ†(D(µDν)Fρσ)φ+ (k˘
(6)
RRφ)
µνρστυχωRµνρσRτυχωφ
†φ+ 1
2
(k˘
(6)
RFφ)
µνρστυRρστυφ
†Fµνφ
+ 1
4
(k˘
(6)
FFφ,1)
µνρσφ†FµνFρσφ+
1
4
(k˘
(6)
FFφ,2)
µνρσtr(FµνFρσ)φ
†φ+ 1
4
(k˘
(6)
Rφφ)
µνρσRµνρσ(φ
†φ)2
+ 1
4
(k˘
(6)
Fφφ)
µν(φ†φ)(φ†Fµνφ) +
1
120
k˘
(6)
φφφ(φ
†φ)3
when the gauge group is SU(3) and the scalar is in the
octet representation, the Lagrange density L(6)φ contains
an additional term
L(6)φ ⊃ (k˘(6)DφDDφ)µνρǫabcφa(iDµφ)b(iD(µiDν)φ)c + h.c.,
(61)
where a, b, c are the gauge indices in the adjoint repre-
sentation.
The format of Table XIII parallels that of Table XII,
and the contents of the former can be deduced by inspec-
tion of the latter. In Table XIII, the mass parameter ±µ2
in the conventional piece Lφ0 of the Lagrange density can
take either sign, with the lower sign triggering sponta-
neous breaking of the gauge symmetry. In other terms,
each background k˘ is understood to have index symmetry
inherited from the index symmetry of the corresponding
operator. All backgrounds can be assumed real. The
results in the table emphasize the rapid growth with d
of terms involving scalar couplings already visible in the
schematic notation of Table XII, even in the context of a
specific and comparatively simple model.
IV. APPLICATIONS
In this section, we consider some applications of
the formalism to several cases of practical relevance.
These include effective field theories extending Einstein-
Maxwell theory, GR coupled to the SM, and conventional
models involving only scalar coupling constants.
A. Einstein-Maxwell theories
As a first application, we consider effective field theo-
ries based on the usual Einstein-Maxwell theory coupling
gravity to electrodynamics and possibly additional mat-
ter fields. In any specific scenario, the Einstein-Maxwell
Lagrange density LEM can be separated as
LEM = Lg + LA + . . . , (62)
where Lg contains terms in the pure-gravity and back-
ground sector, LA describes the photon sector includ-
ing gravitational couplings, and the ellipsis indicates
any other component Lagrange densities for couplings to
fermions and scalars.
The general features of the Lagrange density Lg for
the gravity sector are treated in Sec. III B. The discus-
sion applies directly to the Einstein-Maxwell case. In
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TABLE XIV. Terms with d ≤ 6 in the photon sector of the Einstein-Maxwell effective field theory.
Component Expression
LA0 −
1
4
FµνF
µν
L
(1)
A −(k˘A)µA
µ
L
(3)
A
1
2
(k˘AF )
κǫκλµνA
λFµν + 1
2
(k˘
(3)
DF )
αµνDαFµν
L
(4)
A −
1
4
(k˘F )κλµνF
κλFµν − 1
2
(k˘
(4)
DF )
αβµνD(αDβ)Fµν −
1
2
(k˘RF )
αβγδµνRαβγδFµν
L
(5)
A
1
4
(k˘
(5)
D )
ακλµνFκλDαFµν +
1
2
(k˘
(5)
DF )
αβγµνD(αDβDγ)Fµν
+ 1
2
(k˘
(5)
RDF )
αβγδǫµνRαβγδDǫFµν +
1
2
(k˘
(5)
DRF )
αβγδǫµν(DǫRαβγδ)Fµν
L
(6)
A −
1
4
(k˘
(6)
D )
αβκλµνFκλD(αDβ)Fµν −
1
2
(k˘
(6)
DF )
αβγδµνD(αDβDγDδ)Fµν −
1
4
(k˘
(6)
DFDF )
αβκλµν(DαFκλ)(DβFµν)
− 1
12
(k˘
(6)
F )
κλµνρσFκλFµνFρσ −
1
4
(k˘
(6)
RFF )
αβγδκλµνRαβγδFκλFµν −
1
2
(k˘
(6)
RDDF )
αβγδǫζµνRαβγδD(ǫDζ)Fµν
− 1
2
(k˘
(6)
DDRF )
αβγδǫζµν(D(ǫDζ)Rαβγδ)Fµν −
1
2
(k˘
(6)
DRDF )
αβγδǫζµν(DǫRαβγδ)DζFµν
− 1
2
(k˘
(6)
RRF )
α1β1γ1δ1α2β2γ2δ2µνRα1β1γ1δ1Rα2β2γ2δ2Fµν
TABLE XV. Terms with d ≤ 6 for an uncharged scalar coupled to the Einstein-Maxwell effective field theory.
Component Expression
Lφ0 −
1
2
(Dµφ)D
µφ± 1
2
µ2φ2 + 1
6
gφ3 − 1
24
λφ4
L
(2)
φ
1
2
k˘(2)φ2
L
(3)
φ
1
6
k˘
(3)
φ φ
3 + (k˘
(3)
Rφ)
µνρσRµνρσφ+
1
2
(k˘
(3)
Fφ)
µνFµνφ
L
(4)
φ
1
2
(k˘(4))µνφiD(µiDν)φ−
1
24
k˘
(4)
φ φ
4 − 1
2
(k˘
(4)
Rφ)
µνρσRµνρσφ
2 − 1
4
(k˘
(4)
Fφ)
µνFµνφ
2 − (k˘
(4)
DRφ)
µνρστ (DµRνρστ )φ
− 1
2
(k˘
(4)
DFφ)
µνρ(DµFνρ)φ
L
(5)
φ
1
6
(k˘
(5)
DDφ)
µνφ2iD(µiDν)φ+
1
6
(k˘
(5)
DφDφ)
µνφ(iDµφ)(iDνφ) +
1
120
k˘
(5)
φ φ
5 + 1
6
(k˘
(5)
Rφ)
µνρσRµνρσφ
3
+ 1
2
(k˘
(5)
DRφ)
µνρστ (DµRνρστ )φ
2 + (k˘
(5)
DDRφ)
µνρστυ(D(µDν)Rρστυ)φ+
1
12
(k˘
(5)
Fφ)
µνFµνφ
3
+ 1
4
(k˘
(5)
DFφ)
µνρ(DµFνρ)φ
2 + 1
2
(k˘
(5)
DDFφ)
µνρσ(D(µDν)Fρσ)φ+ (k˘
(5)
RRφ)
µνρστυχωRµνρσRτυχωφ
+ 1
4
(k˘
(5)
FFφ)
µνρσFµνFρσφ+
1
2
(k˘
(5)
RFφ)
µνρστυRµνρσFτυφ
L
(6)
φ
1
2
(k˘(6))µνρσφiD(µiDν iDρiDσ)φ+
1
24
(k˘
(6)
DDφ)
µνφ3iD(µiDν)φ+
1
24
(k˘
(6)
DφDφ)
µνφ2(iDµφ)(iDνφ) +
1
720
k˘
(6)
φ φ
6
+ 1
24
(k˘
(6)
Rφ)
µνρσRµνρσφ
4 + 1
48
(k˘
(6)
Fφ)
µνFµνφ
4 + 1
2
(k˘
(6)
RDDφ)
µνρστυRρστυφiD(µiDν)φ
+ 1
4
(k˘
(6)
FDDφ)
µνρσFρσφiD(µiDν)φ+
1
6
(k˘
(6)
DRφ)
µνρστ (DµRνρστ )φ
3 + 1
12
(k˘
(6)
DFφ)
µνρ(DµFνρ)φ
3
+ 1
2
(k˘
(6)
DDRφ)
µνρστυ(D(µDν)Rρστυ)φ
2 + 1
4
(k˘
(6)
DDFφ)
µνρσ(D(µDν)Fρσ)φ
2 + 1
2
(k˘
(6)
RRφ)
µνρστυχωRµνρσRτυχωφ
2
+ 1
4
(k˘
(6)
RFφ)
µνρστυRµνρσFτυφ
2 + 1
8
(k˘
(6)
FFφ)
µνρσFµνFρσφ
2 + (k˘
(6)
DDDRφ)
µνρστυχ(D(µDνDρ)Rστυχ)φ
+ 1
2
(k˘
(6)
DDDFφ)
µνρστ (D(µDνDρ)Fστ )φ+ (k˘
(6)
RDRφ)
λµνρστυχωRµνρσ(DλRτυχω)φ
+ 1
2
(k˘
(6)
RDFφ)
µνρστυχRνρστ (DµFυχ)φ+
1
2
(k˘
(6)
DRFφ)
µνρστυχ(DµRνρστ )Fυχφ+
1
4
(k˘
(6)
FDFφ)
µνρστFνρ(DµFστ )φ
particular, the explicit forms of the terms in Lg without
background derivatives are listed in Table VI.
For the photon sector, the terms in LA can be ex-
tracted from the results obtained for nonabelian gauge
theories in Sec. III C 1, and in particular from Table IX.
However, the abelian nature of the gauge group simplifies
the structure of certain terms, while some terms that are
distinct in the nonabelian case merge in the abelian limit.
For clarity, we display in Table XIV all terms in LA with
operators of mass dimension d ≤ 6 without background
derivatives. The first column lists the components L(d)A
of LA, while the second shows the terms they incorpo-
rate. In this table, each background can be taken to be
real and to have index symmetry inherited from that of
the corresponding operator. The index positions and the
labels on the backgrounds match existing conventions in
the literature.
Augmenting the Einstein-Maxwell theory with matter
fields implies a corresponding extension of the effective
field theory. The inclusion of a single Dirac field, which
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TABLE XVI. Terms with d ≤ 6 in the gravity and gauge sectors Lgravity and Lgauge.
Component Expression
Lgravity,0 + Lgauge,0
1
2κ
(R − 2Λ) − 1
2
tr(GµνG
µν)− 1
2
tr(WµνW
µν)− 1
4
BµνB
µν
L
(2)
gravity
1
2κ
k˘(2)
L
(3)
gravity
1
2κ
(k˘
(3)
Γ )
µΓαµα
L
(4)
gravity
1
2κ
(k˘
(4)
R )
αβγδRαβγδ
L
(5)
gravity
1
2κ
[
(k˘
(5)
D )
αβγδκDκRαβγδ + (k˘
(5)
CS,1)κǫ
κλµνηacηbd(ω
ab
λ ∂µω
cd
ν +
2
3
ω abλ ω
ce
µ ω
d
νe )
+(k˘
(5)
CS,2)κǫ
κλµνǫabcd(ω
ab
λ ∂µω
cd
ν +
2
3
ω abλ ω
ce
µ ω
d
νe )
]
L
(6)
gravity
1
2κ
[
(k˘
(6)
D )
αβγδκλD(κDλ)Rαβγδ + (k˘
(6)
R )
α1β1γ1δ1α2β2γ2δ2Rα1β1γ1δ1Rα2β2γ2δ2
]
L
(1)
gauge (k˘0)κBκ
L
(3)
gauge (k˘3)κǫ
κλµνtr(GλGµν +
2
3
ig3GλGµGν) + (k˘2)κǫ
κλµνtr(WλWµν +
2
3
igWλWµWν) + (k˘1)κǫ
κλµνBλBµν
+ 1
2
(k˘
(3)
DB)
ακλDαBκλ
L
(4)
gauge −
1
2
(k˘G)κλµνtr(G
κλGµν)− 1
2
(k˘W )κλµνtr(W
κλW µν)− 1
4
(k˘B)κλµνB
κλBµν − 1
2
(k˘RB)
κλµνρσRκλµνBρσ
− 1
2
(k˘
(4)
DB)
αβκλD(αDβ)Bκλ
L
(5)
gauge −
1
2
(k˘
(5)
DG)
ακλµνtr(GκλDαGµν)−
1
2
(k˘
(5)
DW )
ακλµνtr(WκλDαWµν)−
1
4
(k˘
(5)
DB)
ακλµνBκλDαBµν
− 1
2
(k˘
(5)
DRB)
ακλµνρσ(DαRκλµν)Bρσ −
1
2
(k˘
(5)
RDB)
ακλµνρσRκλµνDαBρσ −
1
2
(k˘
(5)
DB)
αβγκλD(αDβDγ)Bκλ
L
(6)
gauge −
1
2
(k˘
(6)
DDG)
αβκλµνtr(GκλD(αDβ)Gµν)−
1
2
(k˘
(6)
DDW )
αβκλµνtr(WκλD(αDβ)Wµν)
− 1
4
(k˘
(6)
DDB)
αβκλµνBκλD(αDβ)Bµν −
1
2
(k˘
(6)
DGDG)
αβκλµνtr
(
(DαGκλ)(DβGµν)
)
− 1
2
(k˘
(6)
DWDW )
αβκλµνtr
(
(DαWκλ)(DβWµν)
)
− 1
4
(k˘
(6)
DBDB)
αβκλµν(DαBκλ)(DβBµν)
− 1
12
[
(k˘
(6)
G )
κλµνρσtr(GκλGµνGρσ) + h.c.
]
− 1
12
[
(k˘
(6)
W )
κλµνρσtr(WκλWµνWρσ) + h.c.
]
− 1
2
(k˘
(6)
RDDB)
αβγδǫζµνRαβγδD(ǫDζ)Bµν −
1
2
(k˘
(6)
DDRB)
αβγδǫζµν(D(ǫDζ)Rαβγδ)Bµν
− 1
2
(k˘
(6)
DRDB)
αβγδǫζµν(DǫRαβγδ)DζBµν −
1
12
(k˘
(6)
B )
κλµνρσBκλBµνBρσ
− 1
4
(k˘
(6)
BGG)
κλµνρσBκλtr(GµνGρσ)−
1
4
(k˘
(6)
BWW )
κλµνρσBκλtr(WµνWρσ)
− 1
2
(k˘
(6)
RGG)
αβγδκλµνRαβγδtr(GκλGµν)−
1
2
(k˘
(6)
RWW )
αβγδκλµνRαβγδtr(WκλWµν)
− 1
4
(k˘
(6)
RBB)
αβγδκλµνRαβγδBκλBµν −
1
2
(k˘
(6)
RRB)
α1β1γ1δ1α2β2γ2δ2κλRα1β1γ1δ1Rα2β2γ2δ2Bκλ
may be charged under the U(1) gauge group, yields an
additional component Lψ in LEM. The terms in Lψ in-
volving operators of mass dimension d ≤ 6 and without
background derivatives can be extracted directly from
Table XI in Sec. III C 2, with the gauge field strength
Fµν taken as abelian. Similarly, adding a complex scalar
with U(1) charge generates a component Lφ in LEM. All
contributions to Lφ containing operators of mass dimen-
sion d ≤ 6 without background derivatives are given by
Table XIII in Sec. III C 3, with Fµν understood to be
abelian.
The inclusion of an uncharged real scalar is more in-
volved because additional terms can be constructed. For
this case, all terms in Lφ with operators of mass dimen-
sion d ≤ 6 are presented in Table XV. The format of the
table matches that of Table XIII, and most of the com-
ments in Sec. III C 3 apply. In some of the terms unique
to this scenario, a factor of i has been inserted to keep
all backgrounds and combinations real.
B. General Relativity and the Standard Model
Next, we turn attention to the effective field theory
constructed from GR coupled to the SM, the gravita-
tional Standard-Model Extension (SME). The framework
for this scenario is described in Ref. [2], which explic-
itly presents all minimal operators allowing for nonzero
torsion in Riemann-Cartan spacetime. Here, we ex-
tend these results to include operators of mass dimension
d ≤ 6, restricting attention to the zero-torsion limit and
to terms without background derivatives.
The Lagrange density LSME for this theory can be de-
composed into a sum of terms assigned to sectors for each
type of field,
LSME = Lgravity + Lgauge + Llepton + Lquark
+LHiggs + LYukawa. (63)
The gauge invariance of the corresponding action is the
SM group SU(3)×SU(2)×U(1). In what follows, we
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TABLE XVII. Terms with d ≤ 6 in the fermion sector Lfermion = Llepton + Lquark.
Component Expression
Lfermion,0
1
2
eµaLAγ
aiDµLA +
1
2
eµaRAγ
aiDµRA +
1
2
eµaQAγ
aiDµQA +
1
2
eµaUAγ
aiDµUA +
1
2
eµaDAγ
aiDµDA + h.c.
L
(3)
lepton −(a˘L)κABe
κ
aLAγ
aLB − (a˘R)κABe
κ
aRAγ
aRB
L
(4)
lepton −
1
2
(c˘L)κµABe
κ
ae
µ
be
νbLAγ
aiDνLB −
1
2
(c˘R)κµABe
κ
ae
µ
be
νbRAγ
aiDνRB + h.c.
L
(5)
lepton,D
1
2
(a˘
(5)
L )
κµν
AB eκaLAγ
aiD(µiDν)LB +
1
2
(a˘
(5)
R )
κµν
AB eκaRAγ
aiD(µiDν)RB + h.c.
L
(5)
lepton,R (a˘
(5)
R,L)
κµνρσ
AB eκaRµνρσLAγ
aLB + (a˘
(5)
R,R)
κµνρσ
AB eκaRµνρσRAγ
aRB
L
(5)
lepton,W
1
2
(a˘
(5)
W,L)
κµν
AB eκaLAWµνγ
aLB
L
(5)
lepton,B
1
2
(a˘
(5)
B,L)
κµν
AB eκaBµνLAγ
aLB +
1
2
(a˘
(5)
B,R)
κµν
AB eκaBµνRAγ
aRB
L
(6)
lepton,D −
1
2
(c˘
(6)
L )
κµνρ
AB eκaLAγ
aiD(µiDν iDρ)LB −
1
2
(c˘
(6)
R )
κµνρ
AB eκaRAγ
aiD(µiDν iDρ)RB + h.c.
L
(6)
lepton,R −
1
2
(c˘
(6)
R,L)
κµνρστ
AB eκaRνρστLAγ
aiDµLB −
1
2
(c˘
(6)
R,R)
κµνρστ
AB eκaRνρστRAγ
aiDµRB + h.c.
L
(6)
lepton,DR (c˘
(6)
DR,L)
κµνρστ
AB eκa(DµRνρστ )LAγ
aLB + (c˘
(6)
DR,R)
κµνρστ
AB eκa(DµRνρστ )RAγ
aRB
L
(6)
lepton,W −
1
4
(c˘
(6)
W,L)
κµνρ
AB eκaLAγ
aWνρiDµLB + h.c.
L
(6)
lepton,DW
1
2
(c˘
(6)
DW,L)
κµνρ
AB eκaLAγ
a(DµWνρ)LB
L
(6)
lepton,B −
1
4
(c˘
(6)
B,L)
κµνρ
AB eκaBνρLAγ
aiDµLB −
1
4
(c˘
(6)
B,R)
κµνρ
AB eκaBνρRAγ
aiDµRB + h.c.
L
(6)
lepton,DB
1
2
(c˘
(6)
DB,L)
κµνρ
AB eκa(DµBνρ)LAγ
aLB +
1
2
(c˘
(6)
DB,R)
κµνρ
AB eκa(DµBνρ)RAγ
aRB
L
(6)
lepton,2
1
2
(k˘
(6)
LL)
κλ
ABCDeκaeλb(LAγ
aLB)(LCγ
bLD) +
1
2
(k˘
(6)
RR)
κλ
ABCDeκaeλb(RAγ
aRB)(RCγ
bRD)
+(k˘
(6)
LR)
κλ
ABCDeκaeλb(LAγ
aLB)(RCγ
bRD)
L
(3)
quark −(a˘Q)κABe
κ
aQAγ
aQB − (a˘U)κABe
κ
aUAγ
aUB − (a˘D)κABe
κ
aDAγ
aDB
L
(4)
quark −
1
2
(c˘Q)κµABe
κ
aQAγ
aiDµQB −
1
2
(c˘U )κµABe
κ
aUAγ
aiDµUB −
1
2
(c˘D)κµABe
κ
aDAγ
aiDµDB + h.c.
L
(5)
quark,D
1
2
(a˘
(5)
Q )
κµν
AB eκaQAγ
aiD(µiDν)QB +
1
2
(a˘
(5)
U )
κµν
AB eκaUAγ
aiD(µiDν)UB +
1
2
(a˘
(5)
D )
κµν
AB eκaDAγ
aiD(µiDν)DB + h.c.
L
(5)
quark,R (a˘
(5)
R,Q)
κµνρσ
AB eκaRµνρσQAγ
aQB + (a˘
(5)
R,U )
κµνρσ
AB eκaRµνρσUAγ
aUB + (a˘
(5)
R,D)
κµνρσ
AB eκaRµνρσDAγ
aDB
L
(5)
quark,G
1
2
(a˘
(5)
G,Q)
κµν
AB eκaQAGµνγ
aQB +
1
2
(a˘
(5)
G,U )
κµν
AB eκaUAGµνγ
aUB +
1
2
(a˘
(5)
G,D)
κµν
AB eκaDAGµνγ
aDB
L
(5)
quark,W
1
2
(a˘
(5)
W,Q)
κµν
AB eκaQAWµνγ
aQB
L
(5)
quark,B
1
2
(a˘
(5)
B,Q)
κµν
AB eκaBµνQAγ
aQB +
1
2
(a˘
(5)
B,U )
κµν
AB eκaBµνUAγ
aUB +
1
2
(a˘
(5)
B,D)
κµν
AB eκaBµνDAγ
aDB
L
(6)
quark,D −
1
2
(c˘
(6)
Q )
κµνρ
AB eκaQAγ
aiD(µiDν iDρ)QB −
1
2
(c˘
(6)
U )
κµνρ
AB eκaUAγ
aiD(µiDν iDρ)UB
− 1
2
(c˘
(6)
D )
κµνρ
AB eκaDAγ
aiD(µiDν iDρ)DB + h.c.
L
(6)
quark,R −
1
2
(c˘
(6)
R,Q)
κµνρστ
AB eκaRνρστQAγ
aiDµQB −
1
2
(c˘
(6)
R,U )
κµνρστ
AB eκaRνρστUAγ
aiDµUB
− 1
2
(c˘
(6)
R,D)
κµνρστ
AB eκaRνρστDAγ
aiDµDB + h.c.
L
(6)
quark,DR (c˘
(6)
DR,Q)
κµνρστ
AB eκa(DµRνρστ )QAγ
aQB + (c˘
(6)
DR,U )
κµνρστ
AB eκa(DµRνρστ )UAγ
aUB
+(c˘
(6)
DR,D)
κµνρστ
AB eκa(DµRνρστ )DAγ
aDB
L
(6)
quark,G −
1
4
(c˘
(6)
G,Q)
κµνρ
AB eκaQAγ
aGνρiDµQB −
1
4
(c˘
(6)
G,U )
κµνρ
AB eκaUAγ
aGνρiDµUB −
1
4
(c˘
(6)
G,D)
κµνρ
AB eκaDAγ
aGνρiDµDB + h.c.
L
(6)
quark,DG
1
2
(c˘
(6)
DG,Q)
κµνρ
AB eκaQAγ
a(DµGνρ)QB +
1
2
(c˘
(6)
DG,U )
κµνρ
AB eκaUAγ
a(DµGνρ)UB +
1
2
(c˘
(6)
DG,D)
κµνρ
AB eκaDAγ
a(DµGνρ)DB
L
(6)
quark,W −
1
4
(c˘
(6)
W,Q)
κµνρ
AB eκaQAγ
aWνρiDµQB + h.c.
L
(6)
quark,DW
1
2
(c˘
(6)
DW,Q)
κµνρ
AB eκaQAγ
a(DµWνρ)QB
L
(6)
quark,B −
1
4
(c˘
(6)
B,Q)
κµνρ
AB eκaBνρQAγ
aiDµQB −
1
4
(c˘
(6)
B,U )
κµνρ
AB eκaBνρUAγ
aiDµUB −
1
4
(c˘
(6)
B,D)
κµνρ
AB eκaBνρDAγ
aiDµDB + h.c.
L
(6)
quark,DB
1
2
(c˘
(6)
DB,Q)
κµνρ
AB eκa(DµBνρ)QAγ
aQB +
1
2
(c˘
(6)
DB,U )
κµνρ
AB eκa(DµBνρ)UAγ
aUB +
1
2
(c˘
(6)
DB,D)
κµνρ
AB eκa(DµBνρ)DAγ
aDB
L
(6)
quark,2
1
2
(k˘
(6)
QQ)
κλ
ABCDeκaeλb(QAγ
aQB)(QCγ
bQD) +
1
2
(k˘
(6)
UU )
κλ
ABCDeκaeλb(UAγ
aUB)(UCγ
bUD)
+ 1
2
(k˘
(6)
DD)
κλ
ABCDeκaeλb(DAγ
aDB)(DCγ
bDD) + (k˘
(6)
QU )
κλ
ABCDeκaeλb(QAγ
aQB)(UCγ
bUD)
+(k˘
(6)
QD)
κλ
ABCDeκaeλb(QAγ
aQB)(DCγ
bDD) + (k˘
(6)
UD)
κλ
ABCDeκaeλb(UAγ
aUB)(DCγ
bDD)
L
(6)
quark,lepton (k˘
(6)
QL)
κλ
ABCDeκaeλb(QAγ
aQB)(LCγ
bLD) + (k˘
(6)
QR)
κλ
ABCDeκaeλb(QAγ
aQB)(RCγ
bRD)
+(k˘
(6)
UL)
κλ
ABCDeκaeλb(UAγ
aUB)(LCγ
bLD) + (k˘
(6)
UR)
κλ
ABCDeκaeλb(UAγ
aUB)(RCγ
bRD)
+(k˘
(6)
DL)
κλ
ABCDeκaeλb(DAγ
aDB)(LCγ
bLD) + (k˘
(6)
DR)
κλ
ABCDeκaeλb(DAγ
aDB)(RCγ
bRD)
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TABLE XVIII. Terms with d ≤ 6 in the Higgs sector LHiggs.
Component Expression
LHiggs,0 −(Dµφ)
†Dµφ+ µ2φ†φ− 1
6
λ(φ†φ)2
L
(2)
Higgs k˘
(2)
φ φ
†φ
L
(3)
Higgs (k˘φ)
µφ†iDµφ+ h.c.
L
(4)
Higgs [
1
2
(k˘φφ)
µν(Dµφ)
†Dνφ+ h.c.]− (k˘φR)
µνρσRµνρσφ
†φ− 1
2
(k˘φW )
µνφ†Wµνφ−
1
2
(k˘φB)
µνBµνφ
†φ− 1
6
k˘
(4)
φφ (φ
†φ)2
L
(5)
Higgs [
1
2
(k˘(5))µνρφ†iD(µiDν iDρ)φ+
1
2
(k˘
(5)
RDφ)
µνρστRνρστφ
†iDµφ+
1
4
(k˘
(5)
WDφ)
µνρφ†WνρiDµφ+
1
4
(k˘
(5)
BDφ)
µνρBνρφ
†iDµφ
+ 1
2
(k˘
(5)
φDφ)
µ(φ†φ)(φ†iDµφ) + h.c.] + (k˘
(5)
DRφ)
µνρστ (DµRνρστ )φ
†φ+ 1
2
(k˘
(5)
DWφ)
µνρφ†(DµWνρ)φ
+ 1
2
(k˘
(5)
DBφ)
µνρ(DµBνρ)φ
†φ
L
(6)
Higgs [
1
2
(k˘(6))µνρσφ†iD(µiDν iDρiDσ)φ+
1
2
(k˘
(6)
RDDφ)
µνρστυRρστυφ
†iD(µiDν)φ+
1
4
(k˘
(6)
WDDφ)
µνρσφ†WρσiD(µiDν)φ
+ 1
4
(k˘
(6)
BDDφ)
µνρσBρσφ
†iD(µiDν)φ+
1
2
(k˘
(6)
DRDφ)
µνρστυ(DνRρστυ)φ
†iDµφ+
1
4
(k˘
(6)
DWDφ)
µνρσφ†(DνWρσ)iDµφ
+ 1
4
(k˘
(6)
DBDφ)
µνρσ(DνBρσ)φ
†iDµφ+
1
2
(k˘
(6)
φDDφ)
µν(φ†φ)(φ†iD(µiDν)φ) +
1
2
(k˘
(6)
DφDφ)
µν(φ†iDµφ)(φ
†iDνφ)
+ 1
2
(k˘
(6)
Dφ†Dφ
)µν
(
(iDµφ)
†φ
)
(φ†iDνφ) + h.c.] + (k˘
(6)
DDRφ)
µνρστυ(D(µDν)Rρστυ)φ
†φ
+ 1
2
(k˘
(6)
DDWφ)
µνρσφ†(D(µDν)Wρσ)φ+
1
2
(k˘
(6)
DDBφ)
µνρσ(D(µDν)Bρσ)φ
†φ+ (k˘
(6)
RRφ)
µνρστυχωRµνρσRτυχωφ
†φ
+(k˘
(6)
RWφ)
µνρστυRρστυφ
†Wµνφ+
1
2
(k˘
(6)
RBφ)
µνρστυRρστυBµνφ
†φ+ 1
4
(k˘
(6)
WWφ,1)
µνρσφ†WµνWρσφ
+ 1
4
(k˘
(6)
WWφ,2)
µνρσtr(WµνWρσ)φ
†φ+ 1
4
(k˘
(6)
BBφ)
µνρσBµνBρσφ
†φ+ 1
4
(k˘
(6)
BWφ)
µνρσBµνφ
†Wρσφ
+ 1
4
(k˘
(6)
Rφφ)
µνρσRµνρσ(φ
†φ)2 + 1
4
(k˘
(6)
Wφφ)
µν(φ†φ)(φ†Wµνφ) +
1
4
(k˘
(6)
Bφφ)
µνBµν(φ
†φ)2 + 1
120
k˘
(6)
φφφ(φ
†φ)3
present explicit terms in the effective field theory prior
to the usual spontaneous breaking of the gauge group
to SU(3)×U(1), adopting the conventions of Ref. [2]. In
particular, the covariant derivative Dµ is both spacetime
and SU(3)×SU(2)×U(1) covariant. The coupling con-
stants for SU(3), SU(2), and U(1) are denoted by g3, g,
and g′, respectively. They are related to the charge q for
the electromagnetic U(1) group and to the angle θW via
q = g sin θW = g
′ cos θW .
The piece Lgravity can be identified with the Lagrange
density Lg discussed in Sec. III B, Lgravity = Lg, which
has terms listed in Table VI. In the gauge sector, which
includes gauge couplings to gravitational fields, the gauge
fields for the strong interaction are described by the her-
mitian SU(3) adjoint matrix Gµ, while the SU(2) gauge
fields form a hermitian adjoint matrix Wµ. The hermi-
tian singlet hypercharge gauge field is denoted Bµ. The
field strengths corresponding to these gauge fields are
Gµν , Wµν , and Bµν . The corresponding Lagrange den-
sity Lgauge can be constructed using the techniques and
results presented in Sec. III C 1 and Table IX, along with
the U(1) limit provided in Table XIV.
Table XVI displays the terms in Lgravity and Lgauge
without background derivatives and containing operators
of mass dimension d ≤ 6. The first row of the table pro-
vides the usual Lagrange density in the absence of back-
grounds. For the remainder of the table, the first column
lists the component L(d)gravity or L(d)gauge, while the second
column contains the corresponding terms. The notation
for the background combinations k˘ is introduced in Sec.
III. Each combination k˘ is real and has index symmetry
derived from that of its associated dynamical operator.
For the terms with d = 3 and 4, the index positions and
identifying subscripts on the combinations k˘ match those
adopted in Ref. [2]. For generality, we include in this
table all terms with dynamical operators that are total
derivatives. Note that the meaning of the trace operation
tr(O) for an operator O in the gauge sector depends on
the context, being taken in the appropriate representa-
tion for O. Since trGµ and trWµ both vanish, only traces
linear in the U(1) gauge fields appear in the table.
In the fermion sector, the generations are distinguished
by an index A = 1, 2, 3. The three charged leptons are
denoted lA ≡ (e, µ, τ), the three neutrinos are νA ≡
(νe, νµ, ντ ). For simplicity, we consider the minimal SM
with massless neutrinos. The general effects of masses
and combinations of Dirac and Majorana couplings for
operators of arbitrary dimension affecting neutrino prop-
agation are discussed in Ref. [90]. The six quark flavors
are uA ≡ (u, c, t), dA ≡ (d, s, b), with the color index sup-
pressed. Left- and right-handed spinor components are
defined as usual by ψL ≡ 12 (1 − γ5)ψ, ψR ≡ 12 (1 + γ5)ψ.
The right-handed leptons and quarks are SU(2) singlets,
RA = (lA)R, UA = (uA)R, DA = (dA)R, while the
left-handed leptons and quarks form SU(2) doublets,
LA = ((νA)L, (lA)L)
T , QA = ((uA)L, (dA)L)
T .
Terms involving operators of mass dimension d ≤ 6
in the Lagrange density Lfermion = Llepton + Lquark are
listed in Table XVII, including all couplings to the gravity
and gauge sectors. For simplicity, this table is restricted
to terms without background derivatives, and operators
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TABLE XIX. Terms with d ≤ 6 in the Yukawa sector LYukawa.
Component Expression
LYukawa,0 −(GL)ABLAφRB − (GU )ABQAφ
cUB − (GD)ABQAφDB + h.c.
L
(4)
Yukawa −(G˘
(4)
L )ABLAφRB − (G˘
(4)
U )ABQAφ
cUB − (G˘
(4)
D )ABQAφDB −
1
2
(H˘L)κλABe
κ
ae
λ
bLAφσ
abRB
− 1
2
(H˘U)κλABe
κ
ae
λ
bQAφσ
abUB −
1
2
(H˘D)κλABe
κ
ae
λ
bQAφσ
abDB + h.c.
L
(5)
Yukawa −(G˘
(5)
L )
µ
ABLAφiDµRB − (G˘
(5)
U )
µ
ABQAφ
ciDµUB − (G˘
(5)
D )
µ
ABQAφiDµDB −
1
2
(H˘
(5)
L )
κλµ
AB eκaeλbLAφσ
abiDµRB
− 1
2
(H˘
(5)
U )
κλµ
AB eκaeλbQAφ
cσabiDµUB −
1
2
(H˘
(5)
D )
κλµ
AB eκaeλbUAφσ
abiDµDB − (G˘
(5)
Dφ,L)
µ
ABLA(iDµφ)RB
−(G˘
(5)
Dφ,U)
µ
ABQA(iDµφ)
cUB − (G˘
(5)
Dφ,D)
µ
ABQA(iDµφ)DB −
1
2
(H˘
(5)
Dφ,L)
κλµ
AB eκaeλbLA(iDµφ)σ
abRB
− 1
2
(H˘
(5)
Dφ,U)
κλµ
AB eκaeλbQA(iDµφ)
cσabUB −
1
2
(H˘
(5)
Dφ,D)
κλµ
AB eκaeλbUA(iDµφ)σ
abDB + h.c.
L
(5)
Yukawa,ψφ (k˘
(5)
Lφ)
κ
ABeκa(LAγ
aLB)(φ
†φ) + (k˘
(5)
Rφ)
κ
ABeκa(RAγ
aRB)(φ
†φ) + (k˘
(5)
Qφ)
κ
ABeκa(QAγ
aQB)(φ
†φ)
+(k˘
(5)
Uφ)
κ
ABeκa(UAγ
aUB)(φ
†φ) + (k˘
(5)
Dφ)
κ
ABeκa(DAγ
aDB)(φ
†φ) + h.c.
L
(6)
Yukawa,D −(G˘
(6)
L )
µν
ABLAφiD(µiDν)RB − (G˘
(6)
U )
µν
ABQAφ
ciD(µiDν)UB − (G˘
(6)
D )
µν
ABQAφiD(µiDν)DB
− 1
2
(H˘
(6)
L )
κλµν
AB eκaeλbLAφσ
abiD(µiDν)RB −
1
2
(H˘
(6)
U )
κλµν
AB eκaeλbQAφ
cσabiD(µiDν)UB
− 1
2
(H˘
(6)
D )
κλµν
AB eκaeλbQAφσ
abiD(µiDν)DB − (G˘
(6)
DDφ,L)
µν
ABLA(iD(µiDν)φ)RB
−(G˘
(6)
DDφ,U)
µν
ABQA(iD(µiDν)φ)
cUB − (G˘
(6)
DDφ,D)
µν
ABQA(iD(µiDν)φ)DB
− 1
2
(H˘
(6)
DDφ,L)
κλµν
AB eκaeλbLA(iD(µiDν)φ)σ
abRB −
1
2
(H˘
(6)
DDφ,U)
κλµν
AB eκaeλbQA(iD(µiDν)φ)
cσabUB
− 1
2
(H˘
(6)
DDφ,D)
κλµν
AB eκaeλbQA(iD(µiDν)φ)σ
abDB − (G˘
(6)
Dφ,L)
µν
ABLA(iDµφ)iDνRB
−(G˘
(6)
Dφ,U)
µν
ABQA(iDµφ)
ciDνUB − (G˘
(6)
Dφ,D)
µν
ABQA(iDµφ)iDνDB −
1
2
(H˘
(6)
Dφ,L)
κλµν
AB eκaeλbLA(iDµφ)σ
abiDνRB
− 1
2
(H˘
(6)
Dφ,U)
κλµν
AB eκaeλbQA(iDµφ)
cσabiDνUB −
1
2
(H˘
(6)
Dφ,D)
κλµν
AB eκaeλbQA(iDµφ)σ
abiDνDB + h.c.
L
(6)
Yukawa,R −(G˘
(6)
R,L)
µνρσ
AB RµνρσLAφRB − (G˘
(6)
R,U )
µνρσ
AB RµνρσQAφ
cUB − (G˘
(6)
R,D)
µνρσ
AB RµνρσQAφDB
− 1
2
(H˘
(6)
L )
κλµνρσ
AB eκaeλbRµνρσLAφσ
abRB −
1
2
(H˘
(6)
U )
κλµνρσ
AB eκaeλbRµνρσQAφ
cσabUB
− 1
2
(H˘
(6)
D )
κλµνρσ
AB eκaeλbRµνρσQAφσ
abDB + h.c.
L
(6)
Yukawa,G −(G˘
(6)
G,U )
µν
ABQAGµνφ
cUB − (G˘
(6)
G,D)
µν
ABQAGµνφDB −
1
2
(H˘
(6)
G,U )
κλµν
AB eκaeλbQAGµνφ
cσabUB
− 1
2
(H˘
(6)
G,D)
κλµν
AB eκaeλbQAGµνφσ
abDB + h.c.
L
(6)
Yukawa,W −(G˘
(6)
W,L)
µν
ABLAWµνφRB − (G˘
(6)
W,U )
µν
ABQAWµνφ
cUB − (G˘
(6)
W,D)
µν
ABQAWµνφDB
− 1
2
(H˘
(6)
W,L)
κλµν
AB eκaeλbLAWµνφσ
abRB −
1
2
(H˘
(6)
W,U )
κλµν
AB eκaeλbQAWµνφ
cσabUB
− 1
2
(H˘
(6)
W,D)
κλµν
AB eκaeλbQAWµνφσ
abDB + h.c.
L
(6)
Yukawa,B −(G˘
(6)
B,L)
µν
ABBµνLAφRB − (G˘
(6)
B,U )
µν
ABBµνQAφ
cUB − (G˘
(6)
B,D)
µν
ABBµνQAφDB
− 1
2
(H˘
(6)
B,L)
κλµν
AB eκaeλbBµνLAφσ
abRB −
1
2
(H˘
(6)
B,U )
κλµν
AB eκaeλbBµνQAφ
cσabUB
− 1
2
(H˘
(6)
B,D)
κλµν
AB eκaeλbBµνQAφσ
abDB + h.c.
L
(6)
Yukawa,φ −(G˘
(6)
φ,L)AB(φ
†φ)LAφRB − (G˘
(6)
φ,U )AB(φ
†φ)QAφ
cUB − (G˘
(6)
φ,D)AB(φ
†φ)QAφDB
− 1
2
(H˘
(6)
φ,L)
κλ
ABeκaeλb(φ
†φ)LAφσ
abRB −
1
2
(H˘
(6)
φ,U )
κλ
ABeκaeλb(φ
†φ)QAφ
cσabUB
− 1
2
(H˘
(6)
φ,D)
κλ
ABeκaeλb(φ
†φ)QAφσ
abDB + h.c.
L
(6)
Yukawa,ψφ
1
2
(k˘
(6)
LDφ)
κµ
ABeκa(LAγ
aLB)(φ
†iDµφ) +
1
2
(k˘
(6)
RDφ)
κµ
ABeκa(RAγ
aRB)(φ
†iDµφ)
+ 1
2
(k˘
(6)
QDφ)
κµ
ABeκa(QAγ
aQB)(φ
†iDµφ) +
1
2
(k˘
(6)
UDφ)
κµ
ABeκa(UAγ
aUB)(φ
†iDµφ)
+ 1
2
(k˘
(6)
DDφ,1)
κµ
ABeκa(DAγ
aDB)(φ
†iDµφ) +
1
2
(k˘
(6)
DLφ)
κµ
ABeκa(LAγ
aiDµLB)(φ
†φ)
+ 1
2
(k˘
(6)
DRφ)
κµ
ABeκa(RAγ
aiDµRB)(φ
†φ) + 1
2
(k˘
(6)
DQφ)
κµ
ABeκa(QAγ
aiDµQB)(φ
†φ)
+ 1
2
(k˘
(6)
DUφ)
κµ
ABeκa(UAγ
aiDµUB)(φ
†φ) + 1
2
(k˘
(6)
DDφ,2)
κµ
ABeκa(DAγ
aiDµDB)(φ
†φ) + h.c.
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that are total derivatives are omitted. Except for the
latter restriction, the format of the table follows that
of Table XVI. The conventions adopted in Table XVII
agree with standard usage in the literature. In particu-
lar, backgrounds with different spin and CPT properties
are represented by different symbols in the usual way,
and the index positions on the backgrounds are the stan-
dard ones. The index symmetry of a given background
is determined by that of the corresponding dynamical
operator. Each occurrence of the symbol h.c. for the her-
mitian conjugate applies to all terms in the particular
component of the Lagrange density. In rows without the
symbol h.c., the backgrounds can be assumed hermitian
in generation space.
In the Higgs sector, we write the Higgs doublet φ in
unitary gauge in the form φ = (0, rφ)
T /
√
2. The conju-
gate Higgs doublet is denoted φc. Table XVIII provides
the explicit form of the components L(d)Higgs with d ≤ 6
of the Lagrange density in the Higgs sector, excluding
terms with background derivatives and ones involving to-
tal derivatives of the dynamical operators. The structure
of the table follows that of Table XVII, and it includes all
couplings to the gravity and gauge sectors. In the table,
each background k˘ has indices with symmetry matching
that of the associated dynamical operator, and all back-
grounds can be taken as real. Note that a few terms have
backgrounds k˘ without spacetime indices. For example, a
term with d = 4 proportional to k˘
(4)
φφ (φ
†φ)2 appears in the
table. These types of expressions incorporate both scalar
coupling constants and position-dependent effects. The
component terms of this form in L(2)Higgs and L(4)Higgs repli-
cate conventional SM terms in the first row of the table,
so they can either be omitted or understood as renor-
malizations of the conventional terms having no physical
effects. A similar comment applies to the first term in
L(4)Higgs, where the trace piece of the constant component
of the background (k˘)φφ)
µν can be viewed as a renormal-
ization of the usual Higgs kinetic term.
Finally, we present in Table XIX all terms involving
operators with d ≤ 6 that couple the fermions to the
Higgs boson, restricting attention for simplicity to terms
without background derivatives and disregarding total
derivatives of dynamical operators. The terms in this ta-
ble represent generalizations of the Yukawa couplings in
the SM, which are listed in the first row. Note that the
first three entries for L(4)Yukawa contain pieces that can be
understood as physically irrelevant renormalizations of
the usual SM Yukawa couplings, along with other non-
trivial background effects. For entries already discussed
in the literature, the notation in the table follows existing
conventions. Backgrounds in terms written without an
accompanying hermitian conjugate h.c. can be taken as
hermitian in generation space. All backgrounds have in-
dices with symmetries constrained according to the struc-
ture of the corresponding operators.
C. Constant scalar backgrounds
All the examples discussed above contain special cases
with constant scalar backgrounds, which can be viewed
as scalar coupling constants. In particular, the corre-
sponding limits of the effective field theories built on the
Einstein-Maxwell theories and on GR coupled to the SM
can be extracted from the tables provided in the previous
subsections. For a given theory, the explicit terms of this
type are obtained as appropriate restrictions of the back-
grounds k˘ to maintain local Lorentz and diffeomorphism
invariance.
As discussed in Sec. II C, a background k transforms
as a spacetime tensor under observer local Lorentz and
general coordinate transformations, but it remains in-
variant under all particle transformations including both
local Lorentz transformations and diffeomorphisms. This
behavior is compatible with local Lorentz and diffeomor-
phism invariance of the Lagrange density only if k carries
no indices and is constant, in which case it acts as a con-
ventional coupling constant. We can therefore identify all
contributions that produce scalar coupling constants in a
given effective Lagrange density by keeping only terms in-
volving components of each combination k˘µ···ν···
a··· that
are proportional to products of the vierbein eµ
a, met-
ric gµν , and Levi-Civita tensor ǫκλµν and then fixing
these components to be spacetime constants. Note that
this implies discarding all terms involving nonzero back-
ground derivatives Dk.
With this procedure in hand, it is straightforward to
extract the limits of the various theories discussed above
that have only scalar coupling constants. As an illustra-
tion, we provide in Table XX a listing of terms with d ≤ 6
having only scalar coupling constants that is obtained
from the generic Lagrange densities presented in Tables
VI, IX, XI, and XIII. The first column of Table XX spec-
ifies the sector, the second column fixes the value of d,
and the third column displays the corresponding terms
with scalar coupling constants. The complete Lagrange
density of this type is obtained by multiplying each oper-
ator displayed by a coupling constant and adding all the
resulting terms. Note that the term ǫκλµνRαβκλR
β
αµν
and the combination
ǫαβγδǫκλµνRαβκλRγδµν
= 4(RαβγδR
αβγδ − 4RαβRαβ +R2) (64)
can be expressed as total derivatives. For simplicity,
other total-derivative operators are omitted from the ta-
ble.
In the limit of scalar coupling constants, all indices
on the dynamical operators must be contracted. The
curvature, the gauge field strength, and the scalar field
all have even numbers of indices and appear in dynamical
combinations that have even mass dimension d. Since the
vierbein, metric, and Levi-Civita tensors also have even
numbers of indices, no terms with odd d can appear in the
gravity or gauge sectors. Since the quadratic combination
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TABLE XX. Terms with d ≤ 6 involving scalar coupling constants.
Sector d Terms
Gravity 4 1
2κ
R
6 1
2κ
RαβγδR
αβγδ, 1
2κ
RαβRαβ,
1
2κ
R2, 1
2κ
ǫκλµνRαβκλR
β
αµν
Gauge 4 tr(FµνF
µν), tr(Fµν F˜
µν)
6 tr(FµνD
αDαF
µν), tr(FµνD
αDαF˜
µν), tr(FµνD(µDρ)F
ρ
ν), tr(F
µνD(µDρ)F˜
ρ
ν),
Rκλµνtr(FκλFµν), R
κλµνtr(FκλF˜µν), R
νρtr(FµνF
µ
ρ), R
νρtr(Fµν F˜
µ
ρ), R tr(FµνF
µν), R tr(Fµν F˜
µν),
Rαβtr(D(αDγ)F
γ
β ), R
αβtr(D(αDγ)F˜
γ
β ), i tr(F
µ
νF
ν
ρF
ρ
µ), i tr(F
µ
νF
ν
ρF˜
ρ
µ)
Fermion 3 ψψ, iψγ5ψ
4 1
2
eµaψγ
aiDµψ + h.c.,
1
2
eµaψγ5γ
aiDµψ + h.c.
5 1
2
ψiDµiDµψ + h.c.,
1
2
iψγ5iD
µiDµψ + h.c., Rψψ, iRψγ5ψ, e
µ
ae
ν
bψσ
abFµνψ, e
µ
ae
ν
bψσ
abF˜µνψ,
6 1
2
gνρeµaψγ
aiD(µiDν iDρ)ψ + h.c.,
1
2
gνρeµaψγ5γ
aiD(µiDν iDρ)ψ + h.c.,
1
2
eκaR
κµψγaiDµψ + h.c.,
1
2
eκaR
κµψγ5γ
aiDµψ + h.c.,
1
2
eµaRψγ
aiDµψ + h.c.,
1
2
eµaRψγ5γ
aiDµψ + h.c.,
eνa(DµR
µν)ψγaψ, eνa(DµR
µν)ψγ5γ
aψ, eµa(DµR)ψγ
aψ, eµa(DµR)ψγ5γ
aψ,
eκaψγ
a(DµF
κµ)ψ, eκaψγ5γ
a(DµF
κµ)ψ, 1
2
eκaψγ
aF κµiDµψ + h.c.,
1
2
eκaψγ5γ
aF κµiDµψ + h.c.,
1
2
eκaψγ
aF˜ κµiDµψ + h.c.,
1
2
eκaψγ5γ
aF˜ κµiDµψ + h.c.,
(ψψ)(ψψ), i(ψψ)(ψγ5ψ), −(ψγ5ψ)(ψγ5ψ), (ψγ
aψ)(ψγaψ), (ψγ
aψ)(ψγ5γaψ),
(ψγ5γ
aψ)(ψγ5γaψ),
1
4
(ψσabψ)(ψσabψ),
1
4
ǫabcd(ψσ
abψ)(ψσcdψ)
Scalar 2 φ†φ
4 1
2
φ†iDµiDµφ+ h.c., Rφ
†φ, (φ†φ)2
5 (ψψ)(φ†φ), i(ψγ5ψ)(φ
†φ)
6 1
2
gµνgρσφ†iD(µiDν iDρiDσ)φ+ h.c.,
1
2
Rµνφ†iD(µiDν)φ+ h.c.,
1
2
Rφ†iDµiDµφ+ h.c.,
1
2
(DµR
µν)φ†iDνφ+ h.c.,
1
2
(DµR)φ†iDµφ+ h.c.,
1
2
φ†(DµF
µν)iDνφ+ h.c.,
1
2
(φ†φ)(φ†iDµiDµφ) + h.c.,
1
2
(φ†iDµφ)(φ†iDµφ) + h.c.,
1
2
(
(iDµφ)†φ
)
(φ†iDµφ) + h.c.,
1
2
eµa(ψγ
aψ)(φ†iDµφ) + h.c.,
1
2
eµa(ψγ5γ
aψ)(φ†iDµφ) + h.c.,
1
2
eµa(ψγ
aiDµψ)(φ
†φ) + h.c., 1
2
eµa(ψγ5γ
aiDµψ)(φ
†φ) + h.c.,
(DµDνR
µν)φ†φ, (DµDµR)φ
†φ, RαβγδR
αβγδ(φ†φ), RαβRαβ(φ
†φ), R2(φ†φ), ǫκλµνRαβκλR
β
αµν(φ
†φ),
φ†FµνF
µνφ, φ†FµνF˜
µνφ, tr(FµνF
µν)(φ†φ), tr(Fµν F˜
µν)(φ†φ), R(φ†φ)2, (φ†φ)3
of fermions has odd mass dimension d = 3, terms with
odd d can appear in the fermion sector and in fermion
couplings to scalars. These features are reflected in the
result in Table XX.
The gravity sector of Table XX consists of terms of
dimension d ≤ 6 in the effective field theory for GR that
involve only scalar coupling constants. Various combina-
tions of the sectors in the table form other effective field
theories of this type including, for example, ones based
on Einstein-Yang-Mills and Einstein-Maxwell theory, on
nonabelian gauge theory and Maxwell electrodynamics
in Minkowski spacetime, and theories with fermions and
scalars. Using the same procedure, the effective field the-
ory for GR coupled to the SM can be obtained directly
from Tables XVI, XVII, XVIII, and XIX. In Minkowski
spacetime, this reduces to the SM effective field theory
with d ≤ 6. The operators for arbitrary d involving only
scalar coupling constants in these various realistic theo-
ries have been presented elsewhere in the literature, in-
cluding ones for arbitrary d in the graviton sector [59],
the neutrino sector [90], the photon sector [124], and the
fermion sector [125].
V. SUMMARY
In this work, we develop the framework for gravi-
tational effective field theory in the presence of back-
grounds and provide a methodology for constructing op-
erators of arbitrary mass dimension d in the Lagrange
density. Explicit terms with d ≤ 6 are obtained for sev-
eral theories, including the realistic cases of GR coupled
34
to the SM and some of its limits. The results presented
here are achieved through a combination of conceptual
developments and technical results.
The underpinnings of the framework are discussed in
Sec. II. Table I summarizes the relevant spacetime trans-
formations in both curved and approximately flat space-
times. The various types of backgrounds and their impli-
cations for violations of symmetries in curved spacetimes
are described, with examples provided in Table II. Lin-
earizing in approximately flat spacetimes produces limit-
ing cases of the spacetime transformations, listed in Table
III. The links between properties of terms in the full and
linearized Lagrange densities are schematically displayed
in Fig. 1, and the symmetry properties of the various
cases are illustrated with examples in Table IV. We also
revisit the no-go constraints arising from the compatibil-
ity of the variational procedure with the Bianchi identi-
ties, showing that a large class of potential perturbative
terms in the effective Lagrange density cannot arise from
a Riemann geometry or its extensions but instead must
have an alternative geometric or nongeometric origin in
the underlying theory. These results are illustrated pic-
torially in Fig. 2.
Using this framework, the methodology for construct-
ing terms in a generic effective Lagrange density is pre-
sented in Sec. III. The use of compact notation for back-
grounds and technical results for construction of gauge-
covariant operators permit the enumeration and classifi-
cation of terms in the Lagrange density. Tables V, VI,
and VII provide explicit results for the pure-gravity and
background sector involving operators with d ≤ 6. Anal-
ogous forms for terms in the matter-gravity sector are
obtained. Tables VIII and IX consider operators con-
taining gauge fields, Tables X and XI present results for
Dirac fermions, and Tables XII and XIII treat scalars.
Applications of the methodology to cases of practi-
cal importance are considered in Sec. IV. For Einstein-
Maxwell effective field theories, terms in the matter-
gravity Lagrange density with d ≤ 6 are provided for
photons in Table XIV and for uncharged scalars in Ta-
ble XV. For the realistic effective field theory consist-
ing of GR coupled to the SM, we present all terms with
d ≤ 6 in the matter-gravity sector involving gauge, lep-
ton, quark, Higgs, and Yukawa couplings in Tables XVI,
XVII, XVIII, and XIX. Terms for the limiting case with
backgrounds acting only as scalar coupling constants are
displayed in Table XX.
The results obtained in this work establish the foun-
dation for further investigations of gravitational effective
field theories. The explicit characterization of terms in
realistic scenarios provided here opens the way for fu-
ture phenomenological and experimental searches, with
promising potential for detecting observable signals from
the Planck scale.
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